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B. Srinivasa Rao. Lecturer in Mathematics GDC Ravulapalem.
Numerical Analysis 2022-23
UNIT — I: Finite Differences and Interpolation with Equal intervals

Definition (Arguments and Entries): Lety = f(x) is a function the elements in the

Domainis a,a + h,a+ 2h,....a+ (n—1)h,a + nh are called Arguments and the
corresponding images f(a),f(a + h),f(a + 2h),....f(a+ (n—1)h),f(a + nh)

are called Entries.

Definition (Forward Differences): The first forward difference of the numerical function

y = (x) is denoted by A f(x) and defined by

Af(x) =f(x+h)— f(x)

Definition (Backward Differences): The First backward difference of the numerical
function y = f x) is denoted by V f(x) and defined by

Vi) =fx) - f(x—h)

al-h al_ al_+ h,

fx—h)  f@) f(a + h)

Definition (Displacement operator): The operator E is defined by
E[fx)] = fx+ h)
and is called Displacement or Shift operator.
E*’f(x) = E[Ef ()] = E[f(x+ W] = f(x+ h+h) = f(x + 2h)
Similarly, E™f(x) = f(x + nh)
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Definition: (Central difference Operator): Let y = f(x) is a numerical function whose
arguments are X - g X, X+ 2 then the first central difference of f( x ) is denoted by 6 f(x)

and defined by

h h
§f) = f(x+3) - flx—3)
Definition: (Average Operator): Let y = f(x) is a numerical function whose arguments are

x — g ,X,X + g then the Average operator of f( x ) is denoted by u f(x) and defined by
h h
pf(x) =3 [f(x +3) + f(x = )]

fx-h  fx-32)  f®  fx+3)  fGx+h)

X x +

x+ h

NS

Result:1 Prove that relations between A,V , E Operators
1E=1+A 2V=1—-E1 3(1+A@-V)=1 4V=AE"1
Proof: 1. We Know the definition [1 + A]f(x) = f(x) + [f(x + h) — f(x)]

=flx+h) =E[f(0)]

~E=1+A
2[1-Ef() =fx)—E' () =f(x) = f(x = h) = Vf(x)
~V=1—-E1

3.1+ MNA -V = E)E D) =If(x) (vE=1+A 2.V=1-E1)
A1+ HA-V) =1
4. [AETHf(x) = A[ET'f(x)] = Af(x —h) = Af(y) wherey =x—h
=fy+h—-fO)
=flx—h+h) - flx-h)=fx)—f(x—h)=Vf(x)

V= AE_l
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Result-2 Prove that i) § = EY/2 — E~1/2 ii) p = S [ EV2 + E71/2
Proof:i) By the definition of § operator
8 f(0)= T(x+3)-T(x- 3)

= E3f(x) — E73f(x) (Since E"f(x) = f(x + nh) )
=[ EV2 - E7V?] f(x)

8= E1/2 — E—l/Z

ii) By the definition of u operatoruf(x) = % [f(x+ 2) +f(x - g)]

[E3f(x) + E 2 (x)]

N | =

= ez + B2 f )
Hence u = %[15;1/2 + E~1/2]
Result-3 Prove thati) § = A E~1/2 = v EY/2
Proof: RHS =[AE2] f(x) = A [E2f(®)] = A f (x—2)
=A(y)=fy+h)—f(y) Wherey:x—g

:f("‘g”‘)‘f(x—§)=f(x+§)-f(x—§) =& f(x) = LHS
Similarly, to prove that § = V E1/2

Result-4. Prove that i) Show that u & =§(A +V)
ii) Show that /1 + 6%u?= 1 +%82
1 1 _1 1 _1
Proof: LHS =[ ;8 1f(x) = s[Ez +E 2][Ez — E 2] f(x)

= LIE? - (E?]

N | =

[E— E7f(x)

N =

[E— ET'—1+1]f(x)
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=SlE-D+ A-EDHIfR)
=2(A + Vf(x)

HenceyS:%(A +V)

i 22 — 1e2
i) Now /1+48%u? =1 +26

2
1 12 L

LHS:,/1+52u2f(x)=J1+[EE—E—E] [L(E*+E2)] 19

= \/1+§[E—E-1]2f(x)

4+[E-E"1]2

= [/

4

_ \/4EE‘1+[E— E‘l]zf(x)
4
- /—[“ i_l]zf(x)
[E+ E™1] [E-2+2+ E™1]
= 2] pay = 222 T p
[E%]Z—ZEl/ZE_l/Z +[E_%]2 +2
- 2 169
1 1 2
1 52

[E2-E 2] +2
= o) =

2200 =1 428 f) =rus

2,2 = 1 52
Hence /1 + 6%u* =1 +26

Result-5 Show that A = %62 + 6 /1 +i82

Proof: Consider [1 + i&z]f(x) = [1 +§[E% — E"%] 2]f(x)

i 1
[ 4+[E2-E2]2

ol el VA€9)

= [HEE2 9000 {since (a — a2+ 4= (a+ a)? }
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/1+i62 = [EE;E_E] -------- (1)
RHS=262 + § |1 +-62f(X)
2 4

1
1 _EZ2+

=[ 367+ [F2—F 2[5

N|H

]f(x) from (1)
=[ 262+ p

[E-EY

=[ 21Er - £ 2 )

= - [E+ ET1=2+E - E7Yf(x)

=~ [2E- 2]f()=(E-1)f(x) =A f(x) = LHS
Result-6. Show that. 63y%: y2— 3y1 +3yo — Ya
Proof: LHS = 633%

= [E2 - E2°f(2) where y, = f(x)

=[ F2]3 = [F2]° = 3F:2[ B2 — E3] £(3)

={B:—F i =3[F:=E3] £(3)

=fC+)-f(Z+3)-3lFG+3)- F(F+)]

= f(2) — f(—1) — 3f(1) — 3f(0) = y2 — 3y1 +3yo — V1

Note: E"f(x) = f(x + nh) and if h = 1 then E"f(x) = f(x + n)
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Problem:1 Construct Forward difference table for the data Given that

Yo=3 y:=12 y,=81 1y3=200 y,=100 and findAty,.
Solution: Let y, = f (x) To construct forward (A) table.
X () Af(x) A?f(x) A3 f(x) A*f(x)
0 3 9 60 -10 -259
1 12 69 50 -269
2 81 119 -219
3 200 -100
4 100
Using the table A*y, = A*f(0) = —259
Problems:2 Forward difference table for the following data:
X 15 20 25 30 35
f(x) 1.558 1.806 2.094 2.427 2.814
Solution: To construct Forward difference table.
X 103f(x) 103A f(x) 103A%f(x) 10303f(x) | 103A%*f(x)
15 1558 248 40 5 4
20 1806 288 45 9
25 2094 333 54
30 2427 387
35 2814

Note that 103A%*f(x) =4 = A*f(x) = 0.004

Problem:3 Construct Backward difference table for the following data:

X

1

2

3

4

f)

2

5

10

20

30

5M(2)+10M(2) = 30M
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Solution: To construct Backward (V) table.

X f(x) Vi) Vif(x) Vif(x) Vi (x)
1 2
2 5 3
3 10 5 2
4 20 10 5 3
5 30 10 0 -5 -8
From the table V*f(5) = -8.
Problem 4: Construct Backward difference table for the following data:
X 0 1 2 3 4 5
f(x) 3 12 81 200 100 8
Solution: To construct Backward difference table.
X f(x) V) Vif(x) Vif(x) VA (x) VEf(x)
0 3
1 12 9
2 81 69 60
3 200 119 50 -10
4 100 -100 -219 -269 -259
5 8 -92 8 227 496 755
From the table V*f(5) = 496 and A®f(0) = 496 + 259 = 755
Problem: 5 Show that e* = A?Z le*. fzez whereh=1
e
Solution:
Notethat A=E —1and E"f(x) = f(x+nh)= f(x+n) where h=1

5M(2)+10M(2) = 30M
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2 2_
Consider [ — (E- 1) ]ex :[w] e* =[E — 2+ 1] e*
E E
=[Ee* — 2e* + E"1e* ]
— ex+1 —2e* + ex—l

=e* [e-2+e71]

— 2 —_1)\2
= e* [12++e]:ex [%] ........... (1)
I x ex+1
A SO ex (e 1)2ex ----------- (2)
_ A_Z x Eex — x (e_l)z ex+1 . x _
Now RHS =[ = le aex [ . | o nier = © LHS

Problem:6. Show that E = e"® where D f(x) = f'(x)

Solution: By the definition of Displacement operator

E[f(0)] = f(x+h)

But by Tayler’s series in the differentiation
h ! hz 124
FaHR) = FO)+o f1@) +o5f )+ = = = -

=f(x)+% Df(x)+’21—2!DZf(x)+_ —
=143 D+ 5D+ = - ——If®)

=e"Pf(x)
Hence E = e"P

Af(x)

Problem:7 Show that A log f(x) = log [1 +—-—= S

Solution: RHS = log [1 + Af(x)] log [1 ACEDR) (€] log [f(x)+f(x+h)—f(x)

fx) fx) fx

f;x:;l) logf(x+ h) —logf(x) =Alog f(x) = LHS

Problem:8 Show that A™ [ a**®] = q“**4) (ah — 1)"
Solution: By the definition of Af (x) = f(x + h) — f(x)

Let f(x) = a**2 and then f(x + h) — ac(x+h)+d = g¢xtch+d — gcx+d ch
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Af(x) — f(x + h) — f(x) — acx+d ach _ acx+d
Aacx+d — acx+d [ach — 1] ____(1)
Now A2q¢*td = A[ Aacx+d] =A acx+d[ach _ 1]
:[ach _ 1]A acx+d
— [ach _ 1] [ach _ 1]acx+d

Azacx+d = [ach _ 1]2acx+d

In General, A"q**d = [gh — 1]"*q¥*4

State and prove fundamental theorem of Finite differences

Statement: The nth Forward difference of an nth degree polynomial is a constant.
Proof: ~We know that A f(x) = f(x+ h) — f(x)
Letf(X) =agx"+a; x" 1+a,x"2 + — — — — +a,_;x'+a,
is nth degree polynomial and
fx+h)=ag(x+h)"+a; x+h)"1+a,(x+h)*2% + — — — — +a, ;(x+h)l+a,
Now A f(x) = f(x + h) — f(x)
Af(x) = ag(x+h)"+a;(x+h)*1+a,x+h)"2 + — — — — +a, ;(x+h)l+a,
-[agx"+a; x" 1+a,x" 2 + — — — — +a, x'+ag]

SAf(x) = ag [(x+h)"—x"]+a; [(x+ )1 - x""1] + a, [ (x +h)?2 —x172]

+ - — — —+4a,,[x+h)!—x]
=ag [ {x™ + ncyx" 1h + neyx™2h? + negx™3h3 L.l +h"} —x"]
+a; [[x" 1+ (-1 x" 2 h+ (n—1)cx" 3h%+ ........ +h"~1} —xn-1]
o +a, 1 h
~ Af(x)=aoghnx"1+a’;x"2h+ a’,x"3h?+ — — — — +a',_;isan(n-1)th
degree polynomial where a’;, a’, ........ a’,_, are the coefficients of x*1 x"2, .....x 1

Af(x+h)=a,hn (x+h)"+a'; x+h)"2?h+ a’, (x+h)"3h?+ — — — —
+a',_;

Now A? f(x)= Af(x + h) - A f(x)
Also A% f(x) = ag hn[ (x + h)"™1 —x""1]
+a 3 [(x+h)"2-x"2] + &', [(x+h)"3 —x"73]
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-+ — — — —+4a L, [x+h)—x]
=ao nh[ {x" 1+ (n—1)c;x"2h + (n—1)c,x"3h%+ ... ... +hn=1} — x" 1]

++a [{x"2+(n—2)cx"3h + (Nn—2)c,x™*h2 + ... ... +h"=2} — x"=2]

= A*f(x)=aoh’n(n — 1) x" 24+ a" x" 3+ a",x"* + — — — — +23",_,

is (n - 2) th degree polynomial where a"’ , a’, ... a'’, _, are the coefficients of
g 1 2 n-—2
Xn 2Xn 3 X, 1

Similarly, AM(x) =aoh™n(n —1)(n—2) ..........3.2.1 x" " = a, h™ n! (Constant)
Hence the theorem

Factorial polynomial: The nth degree polynomial of x is denoted by x™ and defined by
x™ = x(x —h)(x — 2h) (x = 3h) e.....(x — (n — Dh)
If h =1 then the factorial polynomial is
x™=x(x—1Dx-2)xXx=3) eece..(x — (n— 1))
Problem 8. Find the factorial polynomial of 11 x*+ 5x3+ 2x?+ x - 15.
Solution: given that f(x) = 11 x* + 5x3+ 2x2+ x - 15.
Consider all the coefficients
x =1 11 5 2 1| -15

0 11 16 18

x =2 11 16 18| 19
0 22 76
x=3 11 38 94I
0 33
x=4 11 71
11

The factorial polynomial f(x) = 11x™® + 71 x® + 94x® 19 x(U — 15
Problem:7 Find the factorial polynomial of x* - 12x3 + 24x? - 30x + 9.

Solution: Given that f(x) = x* - 12x® + 24x? - 30x + 9.
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Consider all the coefficients
x=1 1 -12 24 -30| 9

0 1 -11 13

x=2 1 -11 13 | -17

0 2 -18

The factorial polynomial f(x) = 1x® — 6x®) —5x@ —17xM + 9

State and prove Newton’s Advancing difference formula.
Statement: Lety = f( x ) be a numerical function with the arguments
x=a a+h at2h, ...,a+(n-1) h,a+ nhthen
f(a+nh)=1@) + nc,A f(a) + nc,A*f@@) +....... + nc,A"f(a)
We know that A f(a) = f(a+ h) — f(a) =Ef(a) — f(a) = (E —1)f(a)
~A=FE-1
>E=1+A
= Ef(a) = 1+ 4)f(a)
E"f(a) = (1+4)"f(a)
f@+nh)=[1+ngA+nc, A>+nc; A3+....... + + nc, A" ] f(a).

= f(a + nh) =f(@) + nc;A f(a) + nc, A%f(@Q)+ nc; A3f(@) +....... + + nc, A™(a).

Problem:1 Obtain the polynomial f (x) which takes the following values

x = 0 1 2 3
f(x)

1 0 1 10 Hence find f(4).
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Solution: To construct Forward difference table

X f(x) A f(x) A% f(x) A3f(x)
0 1 -1 2 6
1 0 1 8
2 1 9
3 10
By Advancing difference formula
f(@a + nh) =f(a) + nc;A f(a) + nc, A*f(@)+ nc; A3f@) +........
Leta+nh=x buta=0 h=1
. 0+n(l)=x=n=x
Now f(x) =1 +X ¢1(-1) + X c,(2) + X c3(6)
=1-x+ 2D ()  XEDED (6) = 23— 247 41
Problem :2. Given
X0 5 10 20 25 30
Sin x° 0.0872 0.1736 0.2588 0.3420 0.4226 0.5000
Then find the value of sin 40°
Solution: To construct Forward difference table and f(x) = Sinx
X | 10*f(x) | 10*Af(x) | 10*A%f(x) | 10*A3f(x) | 10*A*f(x) | 10*ASf(x)
) 872 864 -12 -8 2 -2
10 | 1736 852 -20 -6 0
15 | 2588 832 -26 -6
20 | 3420 806 -32
25 | 4226 774
30 | 5000

5M(2)+10M(2) = 30M
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By Advancing difference formula
f(a + nh) = f(a) +ngA f(a) + nc, A*f(@)+ nc; A3f@) +.......
Leta+nh=40buta=5h=5
~5+4+n(5)=40> n=7

Now 10*f(40) = 872 +7¢,(864) +7c,(-12) +7c5(-8) +7¢,4(2) +7c5(-2)

= 872 +6048 -21(12) -35(8) -35(2) -21(2)

=872 +6048 — 252 - 280 — 7042 = 6416

~ f(40) = 0.6416
Problem 3. Estimate the missing terms in the following data:
x = 1 2 3 4 5 6 7T

fx)= 2 4 8 - 32 64 128

Solution: In the given data Number of arguments and Entries = 6
Number of missing terms =1
Therefore A®f(1) =0=> (E-1)8f(1)=0
(E® — 6E® + 15E* - 20E® + 15E? — 6E + 1)f(1) =0
ButE"f(x) = f(x + n)whenh =1

= f(7) = 6f(6) +15f(5) = 20f(4) + 15f(3) = 6f(2) + f(1) =0
From the given data
128 -6(64) + 15(32) -20f(4) + 15(8) —6(4) +2=0
128 — 384 +480 — 20 f(4) +120 -24 + 2 =0 = f (4 ) = 16.

Problem :4 Estimate the missing terms in the following data:

+ + nc, A™(a).

X 0 1 2 3 4

f(x) 0 - 8 15 -

35

Solution: In the given data

The number of arguments and entries =4
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Number of missing terms = 2
~A*F(0) = 0 and A*f(1) = 0
IFA*F(0) = 0 = (E — 1)*f(0) = 0
= (E*— 4E3+6E*— 4E'+1)f(0) =0
But E"f(x) = f(x + n)when h = 1
= f(4) —4fQ3) +6f(2) —4f(1) + f(0) =0
= f(4) —4(15) +6(8) —4f(1) + 0 = 0
=>f4) — 4f(1) = 12 e oy
Also A*f(1)=0=>E-D*f1)=0
= (E*— 4E3+6E*— 4E'+1)f(1) =0
ButE"f(x) = f(x + n)whenh =1
=f(5) - 4(4) + 6f(3) - 4F(2) + f(1) =0
= 35 -4f(4) +6(15) — 4(8) + f(1) = 0 = -4f(4) +£(1) = -93 -~ )
To solve the equations (1) and (2) we get £(1) = 3 and f(4) = 24

Problem: 5. Estimate the missing term in the following data:

X 1 2 3 4 5 6 7 8

f(x) 1 8 - 64 - 216 343 512

Solution: In the given data
The number of arguments and entries = 6
Number of missing terms = 2
~A8F(1) = 0 and A°F(2) = 0
IfASF(1)=0=(E—-1D°(1)=0
= (E®— 6E°>+15E*— 20E3+ 15E?2 — 6E* +1)f(1) =0
But E"f(x) = f(x + n)whenh =1

= f(7) - 6f(6) + 15f(5) - 20f(4) + 15f(3) -6f(2) + f(1) = 0
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Using the given table
= 343-6(216) +15f(5) -20(64)+ 15f(3) — 6(8) +1 =0
=>15f(5) + 15f(3) = 2280 = f(5) + f(3) = 152 --emmeev
Also A°f(2) = 0= (E—1°f(2) =0
= (E®— 6E5 + 15 E*— 20 E3 + 15E2 — 6E* +1)f(2) =0
But E"f(x) = f(x + n)whenh =1
=f(8) - 6f(7) + 15f(6) - 20f(5) + 15f(4) -6f(3) + f(2) =0
Using the given table
=512 - 6(343) + 15(216) - 20f(5) +15(64) - 6f(3) + f(2) =0
= - 20f(5) - 6f(3) =- 2662
= 10f(5) +3f(3) = 1331 -----mmeemmv )
To solve the equations (1) and (2) we get f(3) = 27 and f(5)=125

Definition(Interpolation):

To find the entry of the Intermediate argument of the given data is called Interpolation.

Example: Given that

X 1 2 3 4 5

f(x) 234 345 678 890 937

1079

Then to finding f(3.4), f(4.1), f(3.75) etc is the Interpolation.
State and prove Newton Forward Interpolation formula:
Statement: Lety = f(x) is a numerical function with the arguments

x=a,a+h,a+2h,a+3h,...a+nhthen
fla+hw) = f(@) + 150 (@) + “52a2f (@) + 22 A3 f (@) - --

n uu-1)(u-2)- - -[u-(n-1)] A"f(a) .

n!

Proof: Giventhat x =x=a,a+h,a+2h,a+3h,...a+(n-1)h,a+nh
Define a function
f(x) = Ag + A1(x -a) +A,(x - @) [x - (a+ h)]
+ As(x-a) [x- (at+ h)][x - (a+2h)]
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+ A,(x-a) [x-(ath)][x-(a+2h)]............ [x-(a+(n-1)h)] ----
Where Ay, A1, A5, A5, ... ... A,, are constants determine by putting
X=a,ath,a+2h,a+3h,...a+(n-1)h,a+nh.
Putx=a in(l) f@=4,+0+0+.......... +0=Ap= Ao =f@)
Putx=a+hin(l) f(a+h)=4,+A4;(a+h-a+0
fla+h)=f(a) +A; ( h)=f(ath) - f(a) = A1(N)=Af(a) = As(h)

_Af(a)
Ay = 1k

Putx=a+2h in(1)
f@a+2h)=A,+A; (a+2h-a)

+ A(a+2h-a)[(@+2h)-(a+h)]+0

fla+2h) = f(a) + L& (2h) + 4, ( 2h) [h]

= f@@a+2h) - f(a) =2[f(a+h) - f(a@)]+ Ax(2 h?)
= fa+2h)- 2f@+h) + f(@)]= 4,(2 h?)
= A%f(a) = 2h?4,

A’f(a) _ _ A%f(a)
2h2 =4;> Ay = 21 h2

A3f(a)
31h3

A™f(a)

n!hn

Similarly, A; = in general,4,, =

Put the values of 4y, 41,45, A3, ... ... A, in (1)

1) = f(a) + L(x - a) 457D - 3) [x - (a+ h)]

+ 27 (2 [x - (ar W[ x - (a+ 21)]

+A:{p(;)' (x-a) [x-(ath)][x-(a+2h)]............ [x-(a+(n-1)h)]

Letx=a+hu=x-a=hu

2
fa+hu) = (@) + L u) + L2 u) [hu - by

£3f(a)
31h3

+

(hu) [hu - h)][h u - 2h)]

1)

BSR MATHS GDC RVPM

5M(2)+10M(2) = 30M




+ 2D () - u-20)] e [ hu-(n-D)h)]

fa+hu) = f(a) + "L (u) + A% L) (u-1)

+ 2@ (1) - 1)(u-2)

* % W (u-1)(u-2).ceeenens [ u- (n-1))]

u(u 1)

fla+hw) = (@) +58f (@) + “5202f(a) + 2N (@) +-- -
u(u-1)(u-2)— - —[u—-(n-1)]
n!

_|_

A" f(a) .
Problem:1 Using Newton forward interpolation formula find the value of sin 52°
x0 = 45 50 55 60

Sinx’=  0.7071  0.7660 0.8192 0.8660

Solution: Let f(x) = sinx

To construct forward difference table for the given data

X 10*f(x) 10*A f(x) 10*A%f(x) 10*A3f(x)
45 7071 589 -57 -7

50 7660 532 -64

55 8192 468

60 8660

By Newton’s Forward interpolation formula

flath) = f(a) + 541 (@) + “5R02f(a) + “ 2 0 f (a)

u(u—-1)(u-2)(u-3)
4!

+ A*f(a) +——.

Leta+hu=52 buta=45 andh=5
=>45+5u=52:>u=§ =14

(1.4)(1.4-1)(1.4-2)

104(52) =7071 + (1.4) 589 +12C4D (—57) 4 (=7
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10¢sin 52 =7071 + (1.4) 589 +0-2C4 (_57) 4 LDODEY (7,
= 7071 +824.6 -15.96+0.392 =7880

Hence sin 52 = 0.7880.

Problem:2
Using Newton forward interpolation formula estimate the population in the year 1895
Year(x) = 1891 1901 1911 1921 1931

Population (In thousands) = 46 66 81 93 101

Solution: Let x = Year and f(x) = Population

X f(x) Af(x) A% f (%) A3 f(x) Af (x)
1891 46 20 -5 2 -3
1901 66 15 -3 -1
1911 81 12 -4
1921 93 8
1931 101

By Newton forward difference formula
fla+hu) = f(a) +7Af (@) + 52 A% (@) + =20 (a)

u(u—1)(u-2)(u-3)
+ . A*f(a) +——.

Leta+hu=1895 buta=1891and h=10
=1891 + 10 u = 1895 = u =‘*0 =04

10

£(1895) =46 + (0.4) 20 +(0.4)(;).4—1) (—5) + (0.4)(0.4—61)(0.4—2) @) + (0.4)(0.4—1)(2(;.4—2)(0.4—3) (=3)

Population in the year 1895 = 46 + 8 +0.12 (—5) + 0.064 (2) - 0.0416(-3)
=54.8528= 55

Problem:3
From the following table find the number of students who obtain less than 45 marks
Marks range 30-40 40-50 50-60 60-70 70-80
Students 31 42 51 35 31
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Solution: Let x = Marks and f(x) = students

To construct Forward difference table

Less than x Number of Af (x) A%f(x) A3f(x) A*f(x)
Marks students(x)
40 31 42 9 -25 37
50 73 51 -16 12
60 124 35 -4
70 159 31
80 190
By Newton’s forward difference formula
fla+hu) = f(a) +LAf(@) + “E2a%f(a) + X222 A3 7 (a)

u(u—1)(u-2)(u-3)
4!

+ A*f(a) +——.

Leta+hu=45 buta=40andh=10

=40+ 10U =45=u= 1—50=o.5

£(45) = 31 + (0.5) 42 + (0.5)(;).5—1) ©) + (0.5)(0.5—61)(0.5—2) (=25) + (0.5)(0.5—1)(2(:5—2)(0.5—3) 37)

Number of students who obtain less than 45 marks
=31+ 21-1.125—-1.563 - 1.445
=47.867 = 48

Problem:4

From the following table find the number of students who obtain less than 45 marks

Marks range 30-40 40-50 50-60 60-70 70-80
Students 35 48 70 40 22

Solution: Let x = Marks and f(x) = students To construct Forward difference table
Less than x Number of Af (%) A% f(x) A3f(x) A*f(x)
Marks students(x)

40 35 48 22 -52 64

50 83 70 -30 12

60 153 40 -18

70 193 22

80 215
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By Newton’s forward difference formula

fla+hw) = £(@) +58f (@) + “5202f(a) + X2 A3 (0)

u(u—-1)(u-2)(u-3)

+ ¥ A*f(a) + - -
Leta+hu=45 buta=40and h=10
=40 +10u=45=u= ==05
f(45) = 35 + (0.5) (48) + (0.5)(;).5—1) (22) + (0.5)(0.5—61)(0.5—2) (=52) + (0.5)(0.5—1)(2(1.5—2)(0.5—3) (64)

Number of students who obtain less than 45 marks
=35+ 24-2.75—-3.25 -25=505= 51

State and prove Newton Backward Interpolation formula:

Statement: Lety = f(x) is a numerical function with the arguments
Xx=b,b-h,b-2h,b-3h,...,b6-nh whereb=a+ nhthen

u(u+ 1)

f(b+hu)= f(b)+—l7f(b)+ V2f(b) + ... +

+ u(u+1)(u+2).......(u+(n-1)) V*f(b +nh).

n!

Proof: Giventhatx =b, b - h,b-2h,b- 34, ... b-(n-1) h,b- nh

Define a function

f(x) = Ap + A1(x- b) +A5(x - b) [x- (b-h)]

+ Az(x-b) [x-(b-h)][x-(b-2h)]
+ A (x-b) [x-(b-h][x-(b-2k)] ............[x - (b - (n-1)h)] ----- (1)
Where Ay, A, Ay, A5, ... ... A,, are constants determine by putting
x=b,b- h,b-2h,b-3h,...,b-(n-1)h,b- nh

Putx=b in(l) f(b)=A,+0+0+.......... +0= Ag=> Ay =f(b)
Putx=b-hin(l) f(b-h)=4,+A4; (b-h-b)+0
flb-h)=f(b) +A; (-h)= f(b)-f(b—h)= Ay(h) =Vf(b) = A;(h)

Vv f(b)

A =
17 11n

Putx=b-2hin (1)
f(lb-2h)=A,+A; (b-2h-b) + A,(b-2h-b)[(b-2h)-(b-h)]+0

f(b-2h)=f(b) + LD-2h) + 4, (-2h) [-h]
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= f(b-2h)-f(b) = -2[f(b)-f(b—h)]+ A,(21)
= fa+2h)- 2f(b-h) + f(b)] = A,(2h?)

=V2f(b) = 2h%4,

V2f(b)
21 h?

Vif(b) _
= 2];2 =A,=> A, =

3 n
Similarly, A3 = V3 {,(1’;) in general, 4,, = an’(f,’l)

Put the values of Ay, A, Ay, As, ... ... Ay, in (1)
100 = 10) + ZL22x - 0) +5LEx - b) [x- (b - W] + SL20x- b) [x - (b- W] x - (b - 20)]
L TTT O O U P U PP U U U TP U TR ROPPPPPPP
L8 (xb) [x - (b - WI[X - (D= 20)] oo [x-(b=(n-1)h)]

Letx=b+hu=x-b=hu

f (b+hu) =f(b) + Z(hv) +V TOMuy hu+h)

+ 21O (hu) [hu +h)][hu+ 20)]

L7 {‘}(ll;) (hu)[hu+ W][hu+ 2h)] .oeeeen.. [ hu+(n-1)h)]

f(b+hu):f(a)+@(uﬁ@(u)(uﬂ)

L0 () u+ (u+ 2)

f(b+hu) = f(b) + ZVf(b) + “(”“’ V2E(h) + .. +

4 M) 2)..... (ut(n-1)) VR f( b + nh)

n!

Problem: 1 Using Newton backward interpolation formula find f( 47) given that

20 30 40 50

f)= 512 439 346 243

Solution: To construct Backward difference table
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x f(x) V(%) V2f(x) v3f(x)
20 512

30 439 -73

40 346 -93 -20

50 243 -103 -10 10

By Newton Backward interpolation formula

u(u+1)( u+2)

f(b+hu)=f(b) + =VF(b) + “E2V2f(b) + V3f(b) + -

Letb+hu=47 ,b=50and h=10 therefore 50+ 10u=47= u= -0.3

£(-0.3) = 243 + (—2.3) (-103) + (—0.3)(2—0.3+1) (-10) + (—0.3)(—0.3;1)(—0.3+2) (10)

=243 +30.9 +1.05 - 0.595 = 274.355 = 274
- (47) =274

Problem: 2 From the following table find the value of tan 17°

X = 4 8 12 16 20 24
Tan x= 0.0699 0.1405 0.2126  0.2867 0.3640  0.4452
Using Newton backward interpolation formula.

Solution: To construct Backward difference table and taking f(x) = tan x

X 10*f(x) 10*Vf(x) 10*V2f(x) | 10%v3f(x) 10*V4f(x)
4 699

8 1405 706

12 2126 721 15

16 2867 741 20 5

20 3640 773 32 12 7
24 4452 812 39 7 -5

By Newton Backward interpolation formula

u(u+1)( u+2)

f(b+hu)=f(b) + ZVf(b) + LD v2f(p) + V3f(b) + -
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Letb+hu=17 ,b=24 and h =4 therefore 24+4u=17=> u= -1.74.

10%f (17) = 4452 + —22

(- 174)

(812) +

(-1.74)(-1.74+1)

(39) +

(-1.74)(-1.74+1) (-1.74+2) (

6

10*tan 17 = 4452 -1421+425.6-0.4 = 3057. Therefore tan 17°9= 0.3057

Problem:3. Given that

7)

X 40 45 50 55 60 65
Log x 1.60206 1.65321 1.69897 1.74036 1.77815 1.81291
Then find log 58.75.
Solution: To construct Backward difference table and taking f(x) = log x
X 10°f(x) 10°Vf(x) 10°V2f(x) | 10°V3f(x) 10°V*f(x)
40 160206
45 165321 5115
50 169897 4576 -539
95 174036 4139 -437 102
60 177815 3779 -360 77 -25
65 181291 3476 -303 57 -20
By Newton Backward interpolation formula
f(b+hu)=f(b) + Vf(b) + “ERv2f(b) + LD g3 £ (p) 4
u(u+1)(1:+2)(u+3) V4E(D) ..
Letb+hu=258.75b=65andh=5
.65+ 5u=58.75
= 5u=-6.75=>u=-1.25.
10°f (58.75) =181291 + 122 (3476) + ER2ICIZD (_303) 4

10° log 58.75

(-1.25)(- 125+1)( 1.25+2)

6

(57) +

(-1.25)(-1.25+1)(-1.25+2) (- 125+3)( 20)

24

= 181291- 4345 -47.34+2.23-0.34

=176900.55 = 176901

10° log 58.75 = 176901 = log58.75 = 1.76901
ALL THE BEST

5M(2)+10M(2) = 30M
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UNIT — I1: Interpolation with Equal and Unequal intervals
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B. SRINIVASARADO. Lecturer In Mathematics
Theorem: State and prove Gauss’s Forward central difference formula:

Statement:

Lety = f(x) be a numerical function with the argument x = 0,—1,—2,—3....then

(x+1)( (x+1)(

f(x) = f(0)+—Af(0)+ —AZ f(-1)+ ——A3f(-1) + A fF(=2)+......

Proof: By Newton Advancing difference formula in finite differences
f(a+ nh) = f(a) + nc;A f(a) + nc, A*f(@)+ ncy A3f@@Q) +....... + + nc, A™(a) ---- (1)
Puta + nh=x, a = 0andh = 1lwegetn = x

= f(x) = f(0) + xc;Af(0) + xc, A%f(0)+ x c3 A3f(0) + x ¢y A*(0) + ...... ---
)
By the definition of A operator A f(a) = f(a+ h) — f(a)

=fla+h) =f(a)+A4f(a)
Puta=-landh=1=f(0) = f(-1) + A f(-1)
= A2f(0) = A%f(=1) + A° f(-1)
= Af(0) =A°f (=D + A* f(-1)
= A*f(0) = A*f(—1) + A5 fF(—1) etc
Put the values in (1)
= f (X) = f(0) + X1 A f(0) + X [A%f(—1) + A3 fF(—D)].+ x c5[A3f(—1) + A* f(-1)] .
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+X u[A (=) + ASF(=D]+ ..o
= f(x) = f(0) + X, A F(0) + X ¢, A2f(—1).+ [X ¢, + xcs][A3F(—1)].
+[Xc3 +xc)[AYfF(-D+. .
= f(x) = f(0) + X, A F(0) + X cA2f(—1)
A+ (X+1) 3 [A3F(-1)].
+ (X+ 1) cg[A*f(=D)]+. o (3)
Again, By the definition of A operator
Af(a) = fla+h) = f(a)=>f(a+h)=f(a)+Af(a)
Puta=-2 and h= 1= f(-1) = f(=2)+ Af(-2)
S A (—1) = A*f(=2) + A° f(—2)etc
Put the values in (3)
= f (X) = f(0) + X, A F(0) + X c,A2f(—1)
4 (x+1) c3[A3f(-1)].
+ (X+1) e[ A*(=2)+ ASF(=2)]+........
= f () = f(0) + xc;A f(0) + X c,A%f(—1)

+ (x+1) [A°f (D).

+ (X+D) e[ AY(=2)]+. oo ----(4)
x  x@ _ x(x-1)  x®@
G ==, KGR = = =
- 3)
(X + 1) C; = (x+1)x(x-1) _ (x+1)
3! 3!
- - (4)
& (X + 1) €y = (x+1)x(x—1)(x-2) _ (x+1) Etc.
4! 4!

*x@ @ (x+1)®
@)= f(x)=1(0) +=- Af(0) + - A% f(-1) + — —A° f(-1)

(x+1)® 4
+ TA f(=2)+.......
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Theorem: State and prove Gauss’s backward central difference formula:

Statement:
Lety = f(x) be a numerical function with the argumentx = 0,—1,—-2,-3 ... ... .. then
f(x) = f(0)+—A f(-1) + (“” A2 f(—1) + ("“) A3 fF(—2) + ("”) MF=2)+.......

Proof: By the statement of Advancing difference formula in finite differences
f(a + nh) = f(a) + nc;Af(a) + nc, A%f(a)+ nc; A3f(a) +....... + + nc, A™f(a) --(1)

Puta+ nh = x,a = 0andh = 1wegetn = x

(1) = f (x) = f(0) + xc;A f(0) + x c; A% f(0)+ x c5 A3F(0) + x ¢y A*F(O) + ...... ---(2)

By the definition of A operator A f(a) = f(a+ h) — f(a)=f(a+ h) = f(a) + A f(a)
Puta=-landh=1=£(0) = f(-1) + A f(-1)
Af(0) = Af(=1) + A% f(=1)
= Af(0) =A°f (=D + A° f(-1)
= Af(0) = A3f(—1) + A* f(—1) etc
Put the values in (1)
= (X) = f(0) + xc1 [Af (1) + A% f(=D]+ xc[A%f(=1) + A° f(=1)]
+Xc3[A3f (1) + A*F(-1)].
X A (D) + ASF(=D]+. ..o
= f(X) = f(0) + Xc,A f(=1) +  [Xcq +xcy] A2f(=1)
H X+ xc][A°f (=D
+IXcs FXCAYF(=D+ ...
= f(X) = f(0) + X, A f(—1) + (x+1)c,A%f(—1)
+ (x+1) c[A°F(=D)].

T RN A 1% G K P — 3)
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Again, By the definition of A operator
Af(a) =fla+h)—f(a)=>f(a+h)=f(a)+Af(a)

Puta=-2andh=1=f(-1) = f(-2) + A f(-2)

= Af(-1) = Af(-2) + A*f(-2)

= A (1) = A*f(=2) + A°f(-2)

Put the values in (3)
= f (X) = f(0) + X, A f(—1) + (x+1)c,A%f(—1)
4 (x+1) c5[A%f(=2) + A* f(=2)].
+ (X+D) ey [A*Yf(=2)+ A F(=2)]+. ...
= f (X) =f(0) + X, A f(—1) + (x+1)c,A%f(—1)
+ (x+1) c3[A°f(=2)].
+[(x+D s+ (x+ Dy J[A*fE2D)]+ ool

= f (X) =f(0) + X, A f(—1) + (x+1)c,A%f(—1)

+ (X+1)c3[A3fF(=2)]. + (X+2) cu[ A*f(=2)]+. ..o ...

(x+1) (x+1) _ (x+2)@

Note that xc; = *— (x+1) p = J(Xx+1) ez = Land (x+2) ¢ = TR
®
100 =1(0)+ 5 Af(-1) + ER2 a2 poq) 4 EDD 3 ()
C)]
+ &N 2+

4!

Problem:11fuo=14,u4=24, ug=32, U12=35, uis=40 then find u ¢ using Gauss’s

forward Interpolation formula.

Solution: The given data f(x) = u,

X 0 4 8 12 16

f(x) 14 24 32 35 40

To construct Forward difference table taking the origin at x = 8
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X X f(x) Af(x) A2 (x) A3 F (x) A*f(x)
0 -2 14
10
4 -1 24 -2
8 -3
8 0 —> 32 -5 10
3 7
12 1 35 2
5)
16 2 40
By Gauss’s forward formula
f(x) = f(0) +— = A f(0) + —AZ -1+ ("“) LA F(-1) + ("“) AP F=2)

leta+hx=9buta=8andh= 4= 8+4x=9= x=0.25

f(O 25) 32 + (025) (3)+ (025)(025 1)( 5) + (0.25+1)(0.25)(0.25-1) (7) +(025+1)(025)(025 1)(0.25-2) (10)

Problem:2 If f(20) =

=32 +0.75 + (0.46875) — 0.2734 +0 .1708 = 33.1162 = 33

14,1 (24) =32,f(28) = 35,f(32) =

using Gauss’s forward interpolation formula.

24

40 then find f(25)

Solution: To construct Forward difference table taking the origin at x = 24

X X f(x) Af(x) A% f (x) A3 (x)
20 -1 14

18
24 0 32 -15

3 17
28 1 35 2

5
32 2 40

By Gauss’s forward formula
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(x+1)

f(x) = f(0)+—Af(0)+—A2f( D+ (x”) A3 f(=1) + AYF(=2)+ . i,

leta+hx=25buta=24andh= 4= 24+ 4x=25=> x=0.25

~£(0.25) =32 +

(0.125) 3) + (0.25)(2.25—1) (—15) + (0.25+1)(0.:5)(0.25—1)(17)

=32+ 0.75 + (1.40625) - 0.6640625 = 33.4921 = 33
Problem:3 Given that

x = 25 30 35 40 45

logx =1.39794 147712 1.54407 1.60206 1.65321

Find the value of log 37 using Gauss’s forward interpolation formula.

Solution: To construct Forward difference table taking the origin at x = 35 and log x = f(x)

X X 105f(x) | 105Af(x) | 105A2f(x) | 105A3f(x) | 105A*f(x)
25 -2 139794
7918
30 -1 147712 -1223
6695 327
35 0 154407 -896 -115
5799 212
40 1 160206 -684
5115
45 2 165321
By Gauss’s forward formula
f(x) = f(0)+—A £(0) + —AZ f(-1) + “‘*” A3 f(~1) + ("“) M F(=2) 4,

leta+hx=37buta=35andh=5=> 35+ 5x=37= x=0.4

+10° £(0.4) =154407 + €2 (5799) + LD (_gg) 4 LADOVOAD (517)

(0.44+1)(0.4)(0.4— 1)(04 2)( 115)
24

= 154407+ 2319.6+107.52 -11.872-2.576
~10%log 37 =156819.67 = 156820 = log37 = 1.56820.

Problem:4 Find by Gauss’s backward formula the sale of a concern for the year 1946 given that
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Sale in thousands(x):

Year(x)

15

1931

1941

20

Solution: By Gauss’s backward formula

1951

1961

1971

f(x) = f(0) + == Af( 1) + ("“’ A? F(-1) + ("“) A3 F(=2) + ("”) M F(=2D) 4. ......
To construct Forward difference table taking the origin at x= 1951
X X f(x) Af (x) A?f (x) A*f (x) A*f(x)
1931 -2 15
5
1941 -1 20 2
7/ 3
1951 0 27 5 -7
12 -4
1961 1 39 1
13
1971 2 52

Leta+hx=1946,a=1951and h = 10 =1951 +10 x =1946 =x =-0.5

£(-0.5) =

( 05)(7)+ = 05+1)( 05)(5)+ (—0.5+1)(- Zs)( 0.5— 1)(3)+( 0.5+2)(— 05+21:( 0.5)(=0.5— 1)( 7

=27-3.5-0.625+0.1875 -0.1640625 =22.898438 = 22.898

Problem:5 Given that X = 50 51 52 53 54

Tanx=1.1918 1.2349 1.2799  1.3270 1.3764

Using Gauss’s backward interpolation formula find the value of Tan51°42’.

Solution: By Gauss’s backward formula

(x+1)< ) (x+1)( ) (x+2)( )

) = f(0) + 52 Af(-1) + AZF(=1) + APF(=2) + AYF(=2) 4
Let Tanx = f(x)
To construct Forward difference table taking the origin at x= 52
X f(x) 10*Af(x) | 10*A%f(x) | 10*A3f(x) | 10*A*f(x)
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50 -2 11918
431
51 -1 12349 19
450 2
52 0 12799 21 0
471 2
53 1 13270 23
494
54 2 13764

Leta+hx=51%2,a=52% and h=1%=52% + 19x =512’ = 60’x =-18” = x =-0.3

(=0.3+1)(=0.3)(-0.3-1)
S (

+10* f(-0.3) = 12799 + 52 (450) + E2DED (71 4 2)

= 12799 -135-2.205 +0.091 =12661.886 = 12662
Hence 10*Tan51°42’ =12662 = Tan51°42’ =1.2662.
Theorem: State and prove Sterling Formula

Statement: Let y = f(x) be a numerical function with the arguments x = 0,-1, -2,-3 .... then

£(0=1(0) +x 2 [AF(0) + AF(—1) ] + 3 A2f(-1)

D 1p3f(—1) + 2% (-2)] + EED pt(-2) + -

Proof: By Gauss’s forward formula

700 =1(0) + 52 A £(0) + 2202 f(—1) + ED2p3 p1y 4 EDBps gy 4 e 0
By Gausss backward formula

1) =1(0) + 22 af(-1) + EPp2p(o1) 4 LD pap(g) 4 &2 psp gy 1. —(2)
Now taking the Average of (1) and (2)

) =H0) #2572 [A £(0) + A f(—1) ]+ LB+ U2 qazp(—1)

(x+1)( )1

S8 F(=1) + 4% f(=2) ]

1 1)® 2)@)
E[("+ S BV A F(=2) e @3)
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s— =x,
1!

And 1x@  (x+)@ _l[x(x—l)

(x+1)x
2 [ 2! 2! 1= 2L 2 ]

1x 562
= -= -1+ X+l = —
2! ZZI[X 1+x 1] 2!

+

x+1DB® _ (x+Dx(x-1) _ x(x%-1)
31 31 Y

1 [(x+1)(4) n (x+z)(4)] _ X*(-1)

and similarly, etc
2 4! 4!

Put the values in (3)
F00=(0) + X2 [AF(0) + AF(—1) ] + 5 A%(-1)

+ LD A1) + B3F ()] + TED At (-2) +-
Problems: 1 Using sterling formula to find y 25, Given

Y 20 = 49225, yo5 = 48316,y 30 = 47236, Y35 =45926, y 40 =44306

Solution: By sterling formula
F()=1(0) +x 2 [AF(0) +Af(~1) | + 3 A%(-1)

+ 22D 11736 1) 4 M3F(—2)] + ZEDAF(-2) 4 e

To construct Forward difference table taking the Origin at x =25 and let y x= f(x)

X X f(x) Af (%) A?f(x) A3f(x) A*(X)
20 -1 49225
-909
25 0 48316 -171
-1080 -59
30 1 47236 -230 -21
-1310 -80
35 2 45926 -310
-1620
40 3 44306

Leta+hx=2,a=25andh=5=25+5x=28=>5x=-3=x=-0.6
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(06)

~ f(-0.6) = 48316 + (-0.6) % [-1080-909] + (-171)

= 48316 -(0.3)(1989) - 0.18(-171)
= 48316 -596.7 +30.78
y 2= 47750.08 = 47750

Problems:2 Using sterling formula to find f(0.41), Given that

f(0.30) =0.1179, (0.35) =0.1368, f(0.40) =0.1554, (0.45) =0.1736, (0.50) =0.1915,

Solution: By sterling formula
£()=F(0)+x2[Af(0) + Af(~1) ] + 2 A%f(-1)
ZED Aff(-2) +-

+ XD L3 p(—1) + A3 (-2)] +

To construct Forward difference table taking the Origin at x =0.40

X X 10*f(x) | 10*Af(x) | 10*A%f(x) | 10%A%f(x) | 10*A%f(x)
0.30 2 1179
189
0.35 -1 1368 -3
186 -1
0.40 0 1554 -4 2
182 1
0.45 1 1736 -3
179
0.50 2 1915

Leta+hx=0.41,a=0.40and h =0.05 = 0.40 + (0.05) x =0.41
= (0.05) x=0.01=>x=0.2
~10* £(0.2) = 1554 + (0.2) % [ 186+182 ]

2[(0.2)%~
3!

= 1554+0.1(368) (0.02) (-4) + 0 +0.0032

(0.2)%((0.2)2-1) @)

(02)
(1) +2 o

A -1+1]+

=1554_36.8-0.08-0.0032

=1590.7168 = 1591
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~10* f(0.2) = 1591 = f(0.41)= 0.1591
Theorem: State and prove Bessel’s Formula:

Statement:

Let y = f(x) be a numerical function with the arguments x=1,0,-1,-2,-3 ......... then

x(x 1) 1

f(X)——[f(1)+f(0)]+(X-—)Af(0)+ S [A%f(0) + A% f(-1) ]

, (7 Jwae-n
31

(x+Dx(x—1)(x-2) 1 [

A f(-1) + o

Af(—1D) + A (=2) ]+

Proof: By Gauss’s forward formula

) =10) + X2 Af(0) + 222 (1) + s po1y ¢ EDPpapgy g (1)
By Gauss’s backward formula
1) =f(0) + 22 aF(-1) + E azp(1) 4 CEDD p3p(g) 4 EDD pap( gy 4

In the Gauss’s backward formula

A.Replace x by (x —1) B.Add ‘1’ to each argument 0,—1,—2,-3, ... .....

We get
10 =1(1) + E22ar0) + D2n250) + 2030+ ED001) 4L Q&
f(x) = f(O)+—A £(0) + —AZ F(=1) + ("“) A3 F(-1) + (’““) A F(=2)+...... )
Taking the Average of (1) and (2)

09 =2 [AF () + A7 (0) ] +2 [52+ &2 47(0)

(x)() 1

5182 (0) + A% f(=1)]

#1240
+EDBLIASE1) 4 AF(D) T+ oo 3)

Ast 224 6 00) Ly (x -l =2 [@x - D] =(x- 1)

1. @@ n (x+1)(3)]

x(x-1)(x=2) +(x+1)x(x—1)
2 [ 3! 3! ]

3! 3!

and

:%[
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_1x(x-1)
T2

[(x-2) +(x+ 1)]=3 252 [ 2x 1]

(x—— )(x)(x 1)
EX

23 = T =3[ +£(0) ]+ (x-3) AF(0) + XE2 2[A2£(0) + A2f(-1) ]

x—2 ) @)(x-1) G+ Dx(x-1)(x-2) 1
7 Jwen )3 AP f(-1) + R

Problem: 1 Given that X

20 24 28 32
fx) =24 32 35 40
then find the value of ' ( 25 ) by Bessel’s formula.

Solution: By Bessel’s Formula

f(x) =2 [AF(D) +AF(0)]+(x-2) AF(0) + ZE2 2[A%F(0) + 2% (-1) |

, (=3 Jwe-

A fD +AY (=D ]+

- A F(=D)+ oo
To construct Forward difference table taking the Origin at x = 24
X X f(x) Af(x) A*f(x) A f (x)
20 -1 24
8
24 0 32 -5
3
28 1 35 )
5
32 2 40

Leta+hx=25a=24andh=4= 24+4x=25 = 4x=1=>x=0.25

£(0.25) =2[32+35] +(0.25-0.50) (3) + =C22 2 [ -5 + 2]

2

4 (025-050 )(025)(0.25-1)
6
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f(25) =33.50 -0.75 +0.14062 +0.0547 = 32.9453 = 33

Problem:2 Apply Bessel’s formula find f(62.5) from the following data
X = 60 61 62 63 64 65

f(x) 7782 7853 7924 7993 8062 8129

Solution: By Bessel’s Formula

x(x—1) 1

£() =2 [AF(D) +AF(0) ] + (x-3) AF(0) +ZE2 2 A2£(0) + 42 (—1) |

N (x—§ )(x)(x—l)
31

4! 2

To construct Forward difference table taking the Origin at x = 62

A3 f(—1) + EDXEDED L rps e 1) 4 A% F(=2)] oo

X X f(x) Af (x) A% (x) A3 (x) A*f (x)
60 -2 7782
71
61 -1 7853 0
71 -2
62 0 7924 -2 4
69 2
63 1 7993 0 -4
69 -2
64 2 8062 -2
67
65 3 8129

Leta+hx=625a=62andh=1= 62+1x=625 = x=05

0.5(0.5-1) 1
2 2

f (0.5) =2 [ 7924+7993 ] + (0) (69) + [—2+0] + (0)(2) + (0)

~£(62.5) =7958.5 + 0.125 =7958.625 = 7959.

Problem:3 Apply Bessel’s formula to find the value of f( 27.4 ) from the table

X = 25 26 27 28 29 30
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f(x) = 4.000 3.846 3.704 3.571 3.448 3.333

Solution: By Bessel’s Formula

x(x—1) 1

f () =5 [Af(D) +AF(0)] +(X-3) Af(0) + T2 Z[ A%F(0) + A% (—1) ]

A3 f(—1) + EDXEDED L ps e 1) 4 A% F(=2) ] oo

4! 2

To construct Forward difference table taking the Origin at x = 27

X X 103f(x) | 103Af(x) | 103A%f(x) | 10°A%f(x) | 103A%F(x) | 103A5F(x)
25 2 4000
-154
26 1 3846 12
142 3
27 0 3704 9 4
1133 1 7
28 1 3571 10 3
1123 -2
29 2 348 8
1115
30 3 3333

Leta+hx=274,a=27andh=1=27+1x=274 = x=04

0.4(0.4—1) 1
2 2

10° f (0.4) =~ [ 3704 + 3571 ] + (0.4-2) (-133) + [9+10]

0.4—= )(0.4)(0.4—1) _ 4(0.4—1)(0.4—
(04-2) 1) + (0.4+1)0.4(0.4-1)(0.4-2) 1
6 24 2

[44+ (=3)]+ o

103 f(27.4) = 3637.5 +13.3 - 1.14 + 0.004 + 0.0112 = 3649.7

f(27.4) = 3.6497

Divided Differences (Interpolation with Unequal Intervals):

Letx=xp,x;,X2,.. .. Xn_1,Xx, arethearguments whose common differences are
not necessarily equal and the corresponding entries f(x,), f (x1), f (x2),... ... f(xn-1), f(x,),
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Then to define the first divided difference of the arguments x, , x; by

f(xg,2,) = LEDTTED A £y,

X1— Xo

f(xg,x5)= LERTTED)  p i)

X2— X1

f(xy,x3)= Tlrs) 1) _ A f(x,) etc

X3~ X2

Asz(xo) — f (x1,%2)— f (X0 ,%X1) = f (xo,x1;x2)

X2—Xo

Ltzf(xj) = f (x,x3)— f (x1,%2) = f (Xl’xz,X3)

X3—X1

A2f(x,) = LT (X2 %5) (3 5 3, etc are second divided differences

X4—X2

Problem:1 If f(x) = i then find f (a, b), f (a, b, ¢) and f (a, b, c, d).

Solution: Given that f(x) = i

Now f(a, b) =L2/@ —ba = ~ba - L
b—a b—a b—a ab
1 1 11 —cta
f(a, b, ¢) = L@DICO _ “ab L "pel _ Tapthel Tabe — 1
T a—c a—c a—c a—c abc
(@b,C)—F(b,c.d 1 1 _d-a q
f(a’ b’ C, d) — flab,c)-f(byc, )= abc  bcd — _abcd —__
a—d a—d a—d abcd
Problem:2 I f(x) = then find f (a, b), f (a, b, )
Solution: Given that f(x) = —
(b)—f(a) 11 aZ-b2 (a—b)(a+b) (a+b)
_ —I(a — b2 a2 _ a2p2 _ a2p2 _ - a
Now f(a’ b) " b-a  b-a  b-a b—a  a2b?
(a+b)
f(a, b) =——
—(a+b) —(b+c) —(at+b) , (b+c)
f(a b C) - f(a,b)—f(b,c) _ S;bz - b;ccz] - 22+b2 : b+zccz
T a—c a—c a—c
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—ac2 —bc? +a2 b+aZc > 5
_ 22b2 2 _ ac(a—c)+b(a*—c*)

a—c a2b2 c2 (a—c)

_ (@-o)(act+b(a+c)) _ ac+ab+bc
"~ a?b2c2(a—c)  a2b2¢2?

ac+ab+bc

a2b2 c?

~.f(a,b,c) =

Theorem: State and prove Newton divided difference formula:
Statement:

Let f is a numerical function with the arguments x = x,,x;, x5, ... Xn—1 , X, Whose

common differences are not necessarily equal and the corresponding entries are

f o)y f (1), f(X2)sene e f(Hnaa), f (),
Then f(x) = f (xo) + (x = x0)f (0, %1)

+(x — %) (x — x1)f (x0 , X1, X2)
F(x — x0)(x — x1) (X — x2)f (X0 , X1, X2, X3 F covvev e rr e e
+(x —xp)(x —x)(x — x3) oo . (x — X1 (Xg , X1, X3, wee . X))
Proof: Giventhatx =x,, x;,Xxy,... Xp_1,Xn

By the definition of divided differences
f o) =1ED S p) — f) = (x - x0)f (6, %)

FG) = fxo) +(x — x)f (x, xp) =weereeeeee M)

Also f(x,x0,x;) = f(x x;)—;’(xo X1)
— 25l

f(x, x1)— f(xg,x1) =(x — xq) f(x, %0, %1)
f(x, x1)=f(x9,%1)+(x — x1)f(x,x0,%1)
Put the value in (1)
fO) = fxo) +(x = x0)[ f (xo,x1) + (x = x1) F(x,%0,%1) ]
fG) = fxo) +(x- x0) f (x0,%1)
+ (x - x0)(x — x1) f(x, %0, %) --------- 2

By the definition of 3™ divided difference

f (% %0, %1,)— f (%0 %1 X2)
X — Xy

f(X xo,%1,%5) =
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f(x,xol xl,) — f(x0,x1,x3) = (x — x)f (x,%0,%1,%3)
f(x,x0,%) = f(x0,%0,%) 4+ (x — x)f (x,%0,%1,%3)
Put the value in (2)
fG) = fxo) +(x- x0) f (x0,%1)
+ (x- x0)(x — x)[f (xg,x1,x2) + (x — x2)f (x,%9,%1,%3) ]
fG) = fxo) +(x- x0) f (x0,%1)

+ (x - x0)(x = x1) f (%0, %1, %2)

In general
f&) = f(xo) +(x- x0) f (x0,%1)
+ (x - x)(x - xq) f (x0,%1,%5)
+(x - x9)(x - x)(x — x)f ( x0,%1,%X5,%3)
+(x —x0)(x —x1)(x = x3) oo (X = X)) f( X0, X1, X2y0ee - X))
+( —x0)(x —x)(x —x3) . (X — X)) f (X, X0, X1, Xgyurn . Xpy)  =mmmmmmmmmmmee- (3)
But f(x,xg, X1, Xz,.... %) = A™1f(x) =0 (Since f(x) is a polynomial of nth degree)
(3)reducesto f(x) = f(xg) + (x- x0) f (xg,%1)
+ (x - x9)(x - x1) f (x0,%1,%2)
+(x - x9)(x = x)(x — x2)f ( x0,%1,%X5,%3)
+(x —x0)(x —x1)(x —x3) eeo. (X = X 1) (X0, X1, X2y0en - X))
Hence the theorem.
Problems:1 Given that
X = 1 3 6 10 11
f(x) = 3 31 223 1011 1343

using Newton divided difference formula find the values of f (8)

Solution:

17 BSR MATHS 2022-23 PAPER -6(A)




X f(x) Af(x) A f(x) A31(x) A*(x)
xg = 1 3 31_3_14 64-14 _ 19-10 _ 0
3—-1 6=1 10-1
x;=3 | 31 22331 %:19 27-19 _
c_3 o4 11-3
_ 332 — 197
Xz =6 e 1011 — 223 1-¢ %/
Tt g7
10-6
X3 - 10 1011
1343 - 1011 _
11--10 _ >*
x, = 11 | 1343

By Newton divided difference formula
fG) = fxo) +(x- x0) f (x0,%1)
+ (x - x)(x - xq) f (x0,%1,%5)
+(x - x9)(x = x)(x — x2)f ( x0,%1,%5,%3)
+(x —x0)(x —x)(x —x2)(x — x3)f (X0, X1, X2,X3,X4) T evere s
Letx=8
f8) =3 + (8- 1)(14) + (8 — 1)(8 — 3)(10)+ (8 — 1)(8 — 3)(8 — 6)(1) + 0
=3+98 + 350 + 70 = 521.
Problems: Given that
X = 4 5) 7 10 11 13
f(x)= 48 100 294 900 1210 2028
using Newton divided difference formula find the values of f (8) and f (15).
Solution: By Newton divided difference formula
fG) = fxo) +(x- x0) f (x0,%1)
+ (x - x0)(x - xq) f (xg,%1,%5)
+(x - xp)(x - x)(x — x2)f ( x0,%1,%2,%x3)

+(x —x)(x —x)(x —x)(x —x3)f(Xg, X1, X2,X3,X4) t cevreven e

To construct divided difference table:
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X f(x) Af(x) AZf(x) A3f(x)
Xo = 4 48 100 — 48 97 — 52 21—15
— =052 _ = _—
5—4 > 7—4 i 10 — 4
294—100_97 202—97_21 27—21_1
X, =5 100 7-5 10-5 11-5
900 — 294 310 — 202 33 —27
2 0-7 2 -7 %7 3-7 1
— 900
X3 =10 1210-900 _ 409 —310 _
11—--10 13-10
X, =11 1210
2028 — 1210 209
13—-11
xg =13 2028
Letx=8

F(8) = 48 + (8 — 4)(52) + (8 — 4)(8 — 5)(15) + (8 — 4)(8 — 5)(8 —7)(1) + 0
= 48 + 208 + 180 + 12 = 448.
Letx = 15
F(15) = 48 + (15 — 4)(52) + (15 — 4)(15 — 5)(15) + (15 — 4)(15 — 5)(15 —=7)(1) + 0
= 48 + 572 + 1650 + 880 = 3150

. Problems: Given that
X = 0 1 4 5
fx)= 8 11 68 123
using Newton divided difference formula find the function f(x) in powers of (x — 1)

Solution: To construct Divided difference table.

X f(x) Af(x) A%f(x) A3f(x)
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X = 0 8 -8_ o-3_, 9—4

1-0 4—0 50 !
X1=1 11
68—11_19 55—19_9
X, = 4 68 4—-1 5-1
123 — 68
X, =5 123 =55
° 5_4

By Newton divided difference formula
fGx) = f(xo) +(x- x0) f (x0,%1)
+ (x = x0)(x - x1) f (x0,21,%2)
+(x - x0)(x - x)(x — x2)f ( x9,%1,%2,X3) + evrevnnne.
Letx = x f(X)=8 +(x-0)(3)+ (X-0)(x-1)(4)+(x-0)(x-1)(x—4)1)+0
=8+3X -4x+4x? +X(x?—-5x+4)=x3—x?>+3x+8
Verification: f(1) = 13 — 12 + 3(1) + 8 = 11 correct

Now to find the polynomial in powers of (x -1) Consider all coefficients in the polynomial

x =1) I 0 311
0 1 1
X = 1) 1 1| 4
0 1
X =1) 1 2
0
1

The polynomial in powers of (x — 1) is

f)= (-1 +2x-1)?+4(x—-1+11

. Problems: Given that
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X = 0

(x) 4

using Newton divided difference formula find the function

2
26

3
58

f(x) inpowersof (x — 5)

Solution: To construct Divided difference table.

4
112

7
466

9
922

X f(x) Af(x) A%f(x) A3(x) A*(x)
X = 0 4 26-4_ . 3211 _ 11-7 _ 0
2-0 3-0 4-0
586-26 ., 54-32_ 16-11
= 2 3-2 4—2 7-2 0
Xz = 3 58 112-58 11854 22-16 _
4-3 7-3 9-3
X3 = 4 112
466—112 . | 228-118
7—4 9—4
X4:7 466
922 - 466 _ .
Xs = 9 922 9-7

By Newton divided difference formula
fG) = fxo) +(x- x0) f (x0,%1)

+ (x - x0)(x - x1) f (%0, %1, %2)

+(x - x0)(x - x)(x — x)f ( x0,%1,%3,X3)

+(x —x0)(x —x1)(x —x2)(x — x3)f (X0, X1, X2,X3,X4) + eevrrvenns

f(x) =4 +(x-0)(11) + (x - 0)(x - 2)(7) + (x- 0)(x-2)(x-3)(1) + 0

Let x =X

=4+ 11X - 14X+ Tx2 +X(x2 —5x+6) = x3+2x2 +3x + 4

Now to find the polynomial in powers of (x -1)

Consider all coefficients in the polynomial
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0 5 35 190

X = 5) 1 7 38 194
0 5 60
X =5) 1 12 98
0o 5
X = 5) 1 17|
, |
1

The polynomial in powers of (x -1) is
f(x) = (x—5)> +17 (x —5)*> + 98(x —5) + 194
Theorem: State and prove Lagrange’s theorem in Divided differences:

Statement: Let f is a numerical function with the arguments X = x,, X1 , X2, ... Xp—1,Xn
whose common differences are not necessarily equal and the corresponding entries are

f (o), f(x1), f(X2)y0nn voe f(Xn1), f(xy) then

f(x) = o ) ()
T e m———rn AN
e el 1€ N
e e o) f(x,)

Proof: Giventhat X=xq,%;,X2, .. Xp_1,Xn

& f(x0), f(x1), f(x2)s o f(Xpm1), f ().

Define a function:
fOX) =Apg(x — ) (X —X2) cevcee e e e e (X — X))

+A106 — x0) (X — X3) vv e e e e e (X — )
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+ A5, —x0) (X — X1) e e e e e (X — X))

e

+ A (X —x0) (X — X1) v cee e e e e (0 — X _q) - Q)

Where Ay, A1, Agyeenninnnn ... A,, are constants determine by putting X =xg, X, X5, ...
Xn—1,Xn

Put x = x, in (1)

f((xo) = Ao(xo - xl)(.xo - xz) R (xo - xn)
+0+ 0+....... + 0
_ 1
= AO B (X0—=2%1)(X0=X2) errrerrerrrereernn (xo—xn) f(xO)
Similarly
_ 1
Al - (X1=%0) (X1 =X2) e (X1—xn f(xl)
_ 1
AZ B (CTEr 2 [C T 2D I — (X2—xn) f(xZ) etc
& Ay = - ()
T (en—20) (X =21) ceesessrereern (Xn—2n—1) w

Put the values in (1) we get

(Xx—=2x1)(X—=22) ceerererirerrrannn (x—xn) (CEF Y [Cor 2 - (x—xn)
= +
fx) (CT R TPICA s ) — (x0—xn) f(xo) (CTRr 7Y €2 29 (x1—%n) f (1)
(x=%0) (X=X1) rrrerererrerenn (x—x5) (=%0) (X=21) veerreerrrriresen (x—xn-1)
+ o +
(X2=%0) (X2 =X1) ceererererrrerenn (xX2—x7) f(xZ) (Xn—=X1)(Xn=X2) ceererererrreeen (Xn—%xn-1) f(xn)
Problems:

Problem:1. Apply Lagrange’s formula find f(5) and f(6) from the data
x= 1 2 3 7
fx)= 2 4 8 128

Solution: By Lagrange’s formula

(x—2x1)(x=x2)(x—x3) (x—x0)(x=x2)(x=x3)
= +
e (x0—x1)(x0—x2)(x0—%x3) f (%0) (x1=2x0)(x1—x2) (x1—%x3) f(x)
(x_xo)(x_xl)(x_x3) f(xz) +

(x2—x0)(x2—x1) (x2—%x3)
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In the givendata x, =1 X1=2 x,=3 x3=7 &x=5

f(xo) =2, f(x1) =4, f(x2) =8, f(x3) = 128
_ 5=2)(5-3)(5-7) (5-1)(5-3)(5-7) (=D (5-2)(5-7)
Now T0) = Zamnan @ * ernemen P *evemaen ®
(5-1)(5—-2)(5-3)

(7-D(7-2)(7-3) (128)

3@ (=2) #BH@)(=2) BHE)(=2) HBR)@)
= 2) + 4) + ———=(8)+ ——=(12
(=1D(=2)(=6) @) MW (E1D(=5) )+ 2)(W)(-4) ® (6)(5)(4) (128)

=2-2 424422 =26+ =26+128=3838

- — (6-2)(6-3)(6-7) (6-1)(6-3)(6-7)
Alsox=6 f(6)= (1-2)(1-3)(1-7) ) + (2-1)(2-3)(2-7) )

+(6—1)(6—2)(6—7) (8) +(6—1)(6—2)(6—3) (128)

(3-1)(3-2)(3-7) (7-1)(7-2)(7-3)
BHBED G)AED G@®ED QIOIE)
= 2) + 4) + ———=(8) + ——=(128
(=1(=2)(-6) ) W(D(=5) )+ @MEDH ®) ©)(5)4) (128)

=2-12+20+64 =74

Problem:2. Apply Lagrange’s formula find f(x) and f(6) from the data
x= 1 2 7 8
fx)= 4 5 5 4

Solution: By Lagrange’s formula

.I:(X) = (x—x1)(x=x2)(x—x3) f(xo) + (x=x0)(x=x2)(x—x3) f(xl)

(x0—2x1)(xg—2x2) (x0—%x3) (1 =x0)(x1—x2)(X1—%3)

(x_xo)(x_xl)(x_xB) f(xz) +

(x2—x0)(x2—x1) (x2—%x3)

In the given data

Xo =1 X1=2 x,=7 x3=8 &X=X
f(xo) =4, f(x1) =5, f(x2) =5, f(x3) = 4
Now

_ (x=2)(x-7)(x—8) (x—DEx-7)(x—8)
)= (1-2)(1-7)(1-8) ) + (2-1)(2-7)(2-8) ®)

(x—1)(x—2)(x—8) (-1 (x—2)(x=7)
T -2 0-9) ) + (8-1)(8-2)(8-7) )
— (x=2)(x—=7)(x—8)
EDE6)E7)

G=DE=7)(x-8)
4) + ————= (5
) (D(=5)(-6) ()
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(=D (x=2)(x=8) E-DE-D(x=7)
+ 5) + 4
eecy ) mem D

- (x=7)(x—-8) [ -4(x-2) +(x—1) ] + (x—1)(x—2) [—(x—8) + 4(x—7)]
6 7 1 6 1 7

2_ 2 _ -
:(x 156x+56) .(3x7+1)+(x 63x+2) .( 3x7+28):% (—x2+9x+16)

Putx =6 f(6) == (— 6 +9(6) + 16) = 5.66
Problem:2.
Find.us by Lagrange’s formula
if up=1, u3 =19, u, =49, uy =181
Solution:
By Lagrange’s formula

f (X) = (x—2x1)(x=x2)(x—x3) f(xo) + (x—x0)(x—x2)(x—x3) f(xl)

(x0—x1)(x0—x2)(x0—%x3) (261 =x0) (x1—x2) (x1—x3)

(x_xo)(x_xl)(x_x3) f(xz) +

(x2=2x0) (x2—x1) (x2—%X3)

In the given data let u, = f(x)

x0=0 x1:3 x2=4 x3:6 PU'[ X:5
flxo) =1, f(x1) =19, f(x;) =49, f(x3) = 181
Now

(5-3)(5—4)(5-6) (5-0)(5—4)(5-6)

f(3)= (0-3)(0-4)(0-6) € (3-0)(3-4)(3-6)

(19)

(5-0)(5-3)(5-6) (5-0)(5-3)(5-4)
tmnana—s ) e oe e B

_ @WED L (3)(D(=1)
T (-3)(-4)(-6) © @ (-1(-3) e

G)@ED G)@@
SONSN—2) dy NSNS
+ HMD(=2) (49) 6)3)(2) (181)

1 95 245 = 905
= +

36 9 4 18

=0.0278 — 10.5556 + 61.25 + 50.2777 =100.9999 = 101
Problem :By means of Lagrange’s formula prove that
. 1 101 1
(Dyo=sIyi*ty-11-505(ys = y1)-5(y-1— y=3)]

(if) y3 = 0.05(y9 + ¥¢) — 0.3(y; + y5) + 0.75(y2 +¥a)
Solution: (i) Let y, = f(x)andx =0,1-1,3-3=-3-1,1,3and x =0
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x0=—3 x1=—1 x2=1 X3=3 PU'[ X=O

fxo)=y_3, f(x1) = y-1, f(x2)=y1, f(x3) = ¥3

By Lagrange’s formula

f (X) = (x—2x1)(x=x2)(x=x3) f(xo)

(xo—x1)(xg—x2) (x9—x3)

(x—x0)(x—x2)(x—x3) f(x )
1

(1 =x0) (x1—x2)(X1—x3)

(x—x0)(x—x1)(x—x3) f(xz) +

(x2=x0) (x2—x1)(X2—x3)

_(0+1)(0-1)(0-3) (0+3)(0-1)(0-3)
f(0)= (-3+1)(-3-1)(-3-3) (y-s) + (-1+3)(-1-1)(-1-3) (¥-1)

(0+1)(0+3)(0-3) (0+3)(0+1)(0-1)
* (1+1)(1+3)(1-3) (1) +(3+3)(3+1)(3—1) (¥3)

=8 9 9 =3
— + = + = L =
Yo B 16 V-1 e VL i Ve

— il 9 9 -1
Yo= T V-3t V1t t o V3o (D)
RHS of the given problem =
1 1.1 1
=sIyityal-g05(yvs=y1)-5(y1 = y-3)]

N |-

1 1 1
yit 5V-1 - E()’s— Y1)+E(3’—1— y-3) 1

|~

1 1 1 1 1
=ont SVa - Vst et VT y-3]

_ 1,1 11 1
R R PR Rl PO B
-1 9 9 1
=S V3t V1 TV - V3= Yo = LHS
(i) y3 = 0.05(yo + ¥6) — 0.3(y1 + y5) + 0.75(y, + s )
In the given problem x=3,0,6,1,5,2,4=0,1,2,4,5,6,3
Let y, = f(x)
xXo =0 x1=1 x,=2 x3=4x,=5 x5=6,Putx=3
f(x0) = Yo, f(x1) = y1, f(x2) = ¥a,
v f(x3) = Yo f(xa) = ¥s, f(Xs) = Vs

By Lagrange’s formula

f(x) = (x—x1)(x—x2)(x—x3) £(x0)

(x0—x1)(xg—x2) (x9—%3)

(x—x0)(x—x2)(x—x3) f(x )
1

(1 =x0) (x1—x2)(X1—x3)
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(x—x0)(x—x1)(x—x3) f(xz) +

(x2=x0) (x2—x1)(X2—x3)

_ (3-1)(3-2)(3-4)(3—-5)(3-6)
f(3) = (0-1)(0—2)(0—4)(0—5)(0—6) ( ¥o)

(3-0)(3-2)(3-4)(3-5)(3-6)
T C0(-2)1-5(-5)(1-6) (1)

(B3-0)3-1(3-4)(3-5)(3-6)
T o De-9E5 - (y2)

(3—0)(3—1)(3—2)(3—5)(3—6)
T a0 G-D@a—2)(4-5)(@=6) ()

(3-0)(3-1)(3-2)(3-4)(3-6)
T 5m0G-DG-2) (-1 (5-6) (s)

(3-0)(3-1)(3-2)(3-4)(3-5)
T -0 (=D (6-2)(6-1)(6-5) (6)

—-12 —18 -36 36 18 12

V3 S50 Yot g V1 Y g Y2t g Yat 5 Vst 5 Ve
1 -3 3 3 -3 1
Y3 To5 Yot o Y1ty Vaty Yatgy Vs o5 Ve

1 3 3
=05 (Yot Ye)——( (i + ys)+, (y2 + ya)

¥z = 0.05(yo +y6) —0.3(y1 +¥5) + 0.75(y2 +ys)

All the Best
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Numerical differentiation
B. SRINIVASARAO. LECTURER IN MATHS GDC RVPM
Working Rule:
From the given data to find the derivatives of a numerical functiony = f(x)
Using the following formulae
1.Interpolation formulae (Newton forward and Backward formulae)
2.Cenrtal difference formulae (Stirling formula)
3.Divided difference formulae (Newton Divided difference)

I. Interpolation formulae: Newton forward interpolation formula

fla+xh) = f(a) + Zaf(a) + 2R A2 f(a) + 22O A3 £ (q)

x(x 1)(x—=2)(x=3) x4
+ ZEEDEDED ptp(a)+

x? —3x2+42x

fla+xh) = f(a) + ZAf (@) + = X A2f(a) + T2 N3 (a)

x*—6x3+11x2
24

Differentiate w r t X on both sides
2x—1

3x2—6x+2 4x3-18x%+22x—6

hf'(a+xh) =TAf(@) + Z=0%f(a) + T2 A% (@) + I 2C) ) S—

Again, differentiate w r t x both sides

6x—6 —36x+22

h2f"(a+ xh) = A%*f(a) + A3f(a) + 1

A*f(a) + ---mmeev
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Problems:

1.Find the values of — and

at x =0 using the table

X 0 2 4 6 8 10
y 0 12 248 1284 4080 9980
Solution: To construct the Forward difference table
X f(x) Af(x) A*f (x) A3 (x) A*f (x) A (x)
0 0 12 224 576 384 0
2 12 236 800 960 384
4 248 1036 1740 1344
6 1284 2796 3104
8 4080 5900
10 9980
Newton forward interpolation formula
fla+xh) = f(@) +50f (@) + “E20%f(a) + 2203 (a)
w INT{C) E—
fla+xh) = f(a) +ZAf(a) + LA A f (a)
x*—6x° ‘;119‘ A4f(a)+ _____________
Differentiate w r t X on both sides
hf'(a+xh) = —Af(a) + Z=A2f(a) +> 6x+2A3f( ) + MA‘*f(a% -------------
Again, differentiate w r t x both sides
W2 f"(a+xh) = A2f(a) + Z2A3f(a) + TR AYF(@) + oo

Leta+xh=0=204+x(2)=0=>x=0 anda = 0,h = 2

0-1

2f(0)——Af(0)+ A% f(a) +——

0+2

AF(0) + T2 AHf(O)+ -orommmenees
2f(0) =1 (12) + = (224) +3(576) + —;(384)=12—112+192 — 96 = —

S f1(0) = —2

BSR Maths GDC RVPM




4f"(0) = 224 +=(576) + = (384)=224— 576+ 0 =224 —224=0= f"(0) = 0

2.Find the first and second derivatives of a numerical function at x = 3.0 using the table

X 3.0 3.2 3.4 3.6 3.8 4.0
y -14.000 -10.032 -5.296 0.256 6.672 14.000
Solution: To construct the Forward difference table
X f(x) Af (x) A f (x) A f (x) A*f (x)
3.0 -14.000 3.968 0.768 0.048 0
3.2 -10.032 4.736 0.816 0.048 0
3.4 -5.296 5.552 0.864 0.048
3.6 0.256 6.416 0.912
3.8 6.672 7.328
4.0 14.000

Newton forward interpolation formula
fla+xh) = f(@) +Zaf(a) + ZE2a%f(a) + EDE2 A3 £ ()

x(x 1)(x—2)(x-3)
fﬂf@m

—3x2+2x

——b0f(a)

fa+xh) = f(a) +=Af (a) +

x*—6x3+11x%2-6x
24

N () —

Differentiate w r t X on both sides

2x—-1 —6x+2 —18x2+22x—6

hf'(a+xh) = TAf (@) + WO A3f(g) + 2 TG —

—A%f(a ) E 2

Again, differentiate w r t x both sides

6x—6 —36x+22

A*f(a) + v

h?f"(a + xh) = A*f(a) + A3f( ) + 2

Leta =3.0,h =02 anda+xh=3.0=>0+x(02)=0=>x=0

(0.2) £/(3.0) = TAf(0) + Z2A%f(a) + Z2A3F(0) + 2 A*f(0)+ —-voreemees

(0.2) f/(3.0) = T (3.968) + —-(0.768) +=(0.048) =3.968 — 0.384 + 0.016 = 3.6
~ f'(0) = 18

(04)f"(3.0) = 0.768 + = (0.048) =0.72=0= f"(3.0) = 18
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3.Find the first and second derivatives of a numerical function at x = 1.5 using the table

X 1.5 2.0 2.5 3.0 3.5 4.0
y 3.375 7.000 13.625 24.000 38.875 59.000
Solution: To construct the Forward difference table
X f(x) Af(x) A?f (x) A3 f (x) A*f (x)
1.5 3.375 3.625 3.00 0.75 0
2.0 7.000 6.625 3.75 0.75 0
2.5 13.625 10.375 4.50 0.75
3.0 24.000 14.875 5.25
3.5 38.875 20.125
4.0 59.000

Newton forward interpolation formula
fla+xh) = f(@) +5Af (@) + “E2 02 (@) + 5203 (a)

x(x 1)(x—2)(x—-3)
+ XDEDEI) prf ()4

—3x2+2x

f(a+xh)=f(a)+fAf(a)+ X A2f (@) + I N3 ()

Ho6x?+11xt-6x :llx J (/) Fa——
Differentiate w r t x on both sides
hf'(a+xh) = 2Af() + 21 0%f(a) + ZO A3 () + O IEI pap (g o
Again, differentiate w r t x both sides
h2f"(a+xh) = A%f(a) + Z2A3f (@) + 2R ARF (@) + oo

Leta = 1.5,h = 05 anda+xh=15=15+x(05)=0=>x=0

0-1 0+2

(05) f'(15) = ZA£(0) + Z2A2f(@) + Z283£(0) + LEAF(0)+ -woormonnnmes
(0.5) £/(1.5) = 1 (3.625) + —(3.00) +=(0.75) =3.625 — 1.500 + 0.25 = 2.375
~ f'(0) = 4.75

(0.25)f"(1.5) = 3.00 + ‘?6 (0.75) =2.25= f"(1.5) =9
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4.Find the first and second derivatives of a numerical function at x = 1.1 using the table

X 1.0 1.2 1.4 1.6 1.8 2.0
y 0 0.1280 0.5440 1.2960 2.4320 4.000
Solution: To construct the Forward difference table
X f(x) Af (x) A?f(x) A f (x) A*f(x)
1.0 0 0.1280 0.2880 0.040 0
1.2 01280 0.4160 0.3360 0.048 0
1.4 0.5440 0.7520 0.3840 0.048
1.6 1.2960 1.1360 0.4320
1.8 2.4320 1.5680
2.0 4.0000
Newton forward interpolation formula
fla+xh) = f(a) + ZAf(a) + “ER A2 f(a) + 22O A3 £ (q)
lef(a),u _____________
fla+xh) = f(a) + ZAf(a) + LS A f (a)
wﬂf@)‘* _____________
Differentiate w r t X on both sides
hf'(a+xh) = 2Af(@) + Z10%f(a) + EmEE A3 () + BT pae (g4
Again, differentiate w r t x both sides
Rf"(a+xh) = N2f(a) + Z20%f (@) + ZEZEEANF(g) 4 oo

Leta = 1.0,h = 02 anda+xh=11=212+x(02)=11=x =05

2(0. 5) 1 3(0.5)2-6(0.5)+2

(02)f'(1.1) = 7 (0.128) +

(0.2880) + (0.040) + 0

(0.2) £/(1.1) = 0.128 + 0 + =22

(0.040) =0.128-0.0016 = 0.1264

«~ f'(1.1) = 0.632

(0.2)f"(1.1) = 0.2880 + Z02=°

(0.048) = 0.2880 — 0.024 = 0.264 = f''(1.1) = 0.66
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II. Newton Backward interpolation formula:

Let y = f(X) is a numerical function with the arguments x=b, b - h, b -2h, b -3h, ... ,b-n h where

b=a+nhthen

X(X+ 1)

f(b+hx)=f(b) + ZVH(b) + R y2f(p) + XEDED gag )

x(x+1)(x+2)(x+3)

+
4

V4(b) + ------

X +3x +2x

fb+hx)= fb)+ IVf(b)+ = V() + V3f( b)

4 3 2
Wv‘l“ b) + -

Differentiate wr t X

2x+1 3x2+6x+2

hf' (b + hx) = %Vf(b) + V(b)) + V3£( b)

n 4x3+18x2+22x+6

4
” V*(b) + ------

R2f" (b + hx) = V2f(b) + 6"+6v3f( b)

2
+ () oo

Problems:

1.Find the First and second derivatives of f(x) at x = 1.4 from the following table:

X

11

1.2

1.3

14

f(x)

1.10517

1.22140

1.34986

1.49182

Solution: Since x=1.4 is nearer to end of the table so, to use Newton backward interpolation formula.

To construct Backward Difference table

X f(x) Vf(x) V2f(x) V3 f(x)
1.1 1.10517
1.2 1.22140 0.11623
1.3 1.34986 0.12846 0.01223
14 1.49182 0.14196 0.01350 0.00127
Newton Backward interpolation formula:
hf' (b + hx) = %Vf(b) n sz(b) " 3x2+6x+2 V3£(b) +4x3+18x2+22x+6

24
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b=14,h=01andb+hxr=14 =14+ 0.1Dx=14 2x=0
2 (0.D)f (14) = TVf(b) + V(D) + 2V3f(b) + = VH(b) + -
= 0.14196 + > (0.01350) + = (0.00127)
= (0.1)f'(1.4) = 0.141960.0065 + 0.14913 = f'(1.4) = 1.4913
(0.0Df"(14) = V(b) + 2V3f(b) = 0.01350+2(0.00127) = 0.01477

# f(1.4) = 1.4770

2.The population of a town is as given by

Year 1951 1961 1971 1081 1991
Population in 19.96 39.65 58.81 77.21 94.61
Thousands

Then find the rate of growth of the population in the year 1981
Solution: Since x=1981 is nearer to end of the table so, to use Newton backward interpolation
formula. Let x = Year and f(x) = Population in Thousands

To construct Backward Difference table

X f(x) Vi (x) V2f(x) Vif(x) VA ()

1951 19.96

1961 39.65 19.69

1971 58.81 19.16 -0.53

1981 77.21 18.40 -0.76 -023

1991 94.61 17.40 -1.00 -0.24 -0.01
Newton Backward interpolation formula:
R+ hx) = 2rf) + ZvR(b) + ZE g p)

4x3+18x2+22x+6v4f( ) —

24

b=1991,h =10 and b + hx = 1981 = 1991 + (10)x = 1981 = x = -1

1 -1 —1 14
# (10)f' (1981) = 7(17.40) + —(=1.00) + —(=024) + -, (~0.01)

(10)f'(1981) = 17.40 + 0.5 + 0.04 + 0.00083 = 17.94083

= f'(1981) = 1.7941 = 1.8 Thousands
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2. Central difference formulae (Stirling formula)

Let y = f(x) be a numerical function with the arguments x =0, -1,-2,-3 ......... then
f(x) = f(0) + x5 [AF(0) + Af(—1) ] + §A2f<-1>
MDD + 23 (-2)] + ZETDAF(=2) 4 oo
F(x) =f(0) + xS [AF(0) + Af(-1)] + ";AZf(-l)
31 2 D+ A (=2) [+ AN (22) A e
F°(x) =3 [AF(0) + Af(—1) ] + 2 A% (-1)
+ 22 (1) + 23f(-2)] + TR ARf(<2) + e x ="
f*(x) = A%f(-1) + [A3 F—1) + 23fF(=2)] + ZEZAtF(=2) + -oommmeen
fr(x) = A%(-1) + S [A3F(~1) + A3f(-2)] + 2 A4f( 2) + ----mee where x = —=°
Problems:
1Find f'(0.6) and f''(0.6) from the following table
x 0.4 0.5 0.6 0.7 0.8

f(x) 1.5836 1.7974 2.0442 2.3275 2.6510
Solution: Taking the origin at x = 0.6 and to construct Forward difference Table

u x f(x) Af(x) A% f (x) A3 f(x) A*f (x)

-2 0.4 1.5836

-1 05 1.7974 0.2138

0 0.6 2.0442 0.2438 0.0330 0.0035 0.0002

1 0.7 o075 | 02833 | 00365 | 00037

0.0402
2 0.8 2.6510 0.3235

By sterling formula
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f(x) =f(0) +x 2 [AF(0) + Af(=1) ] + X A2f(-1)

3
x°—x
+
3!

x*—x2
!

I + D]+ 5

F'0) =3 [AF(0) + Af(=1) ]+ A% (-1)

+ —3"122‘1 [A3f(=1) + A3f(=2)] + —”sz AYf(=2) 4 -momemees

And f “(x) = A2(-1) + Z [A3F(=1) + A%f(=2)] + 6’“12—2‘1A4f(_2) I where x = 1=

Inthe above u = 0.6 uy = 0.6 and h = 0.1 X =

f'(0) = [0.2438+0.2833 ] + 0(0.0365) +=—-[0.0035 + 0.0037] + 0(0.0002)
(0.1) f'(0.6) = 0.26505-0.0006=0.26445 = f‘(0.6) = 2.6445

£ “(0) =0.0365 + % [0.0035 + 0.0037] + % (0.0002) = 0.0365 -0.000016 = 0.036484

(0.1)2f “(0.6) = 0.36484 = f"(0.6) = 3.6484

2 Find f'(93) and f'"(93) from the following table

X

60

75

90

105

120

f)

28.2

38.2

43.2

40.9

37.7

Solution: Taking the origin at x = 93 and to construct Forward difference Table

u x f(x) Af (x) A%f (x) A3 (x) A*f (x)
-2 60 28.2
10
-1 75 38.2 -5
5 -2.3
0 90 43.2 -7.3 8.7
-2.3 6.4
1 105 40.9 -0.9
-3.2
2 120 37.7

By sterling formula

£(x) =(0) + X2 [AF(0) + Af (1) ] + - 22f(-1)

f'(x) =5 [AF(0) + Af (1) ] + A% (-1)

+

EoE LIAF(—1) + A3F(—2)] + T AtF(—2) +

3! 2

4!
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T A1) + A3 (2] + TR A (<2) e

6x%—1

And f “(x) = A2(-1) + Z [A3F(=1) + A%f (=2)] + X 1) — where x = %=

In the aboveu =93 wuy; =90and h = 15

3(0. 2) 4(0. 2)3 2(0 2)

£'(0.2) =5 [5-23] +(0.2)(-7.3) +

L[-23+6.4] + (8.7)

(15) f'(93) = 1.35-1.46-0.30065-0.1334 = - 0.54405 = f'(93) = —0.03625

6(0 2)

fe02)=-73+ 22 [-2.3 + 6.4]+

L (8.7) =-7.3+0.41+ 0551 = — 6.339
(15)%f “(93) = —6.339 = f''(93) = — 0.02817

3Find f'(1.4) and f"(1.4) from the following table

X 1.0 12 14 1.6 1.8 2.0
f(x) 0 0.128 0.544 1.296 2.432 4.000
Solution: Taking the origin at x = 1.4 and to construct Forward difference Table
_u—u,  14-14
TR TYT 0z T
u X fx) Af(x) Mf(x) | D3f(x) | A*f(x) | A%f(x)
-2 1.0 0
-0.128
-1 1.2 0.128 0.544
0.416 -0.208
0 1.4 0.544 0.336 0.256
0.752 0.048 -0.256
1 1.6 1.296 0.384 0
1.136 0.048
2 1.8 2.432 0.432
1.568
3 2.0 4.000
By sterling formula
£(x) = (0) + X2 [AF(0) + AF(~1) | + X A2f(-1)
+ EELASF (1) + B3 (=D)] + T AT (=2) + e

f (X)‘-[Af(0)+Af( 1)]+—A2f(1)
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ZL A3 (1) + M3f(—2)] + TR A (<2) + e
And f “(x) = A2(-1) + Z [A3F(=1) + A%f (=2)] + 6X° L N £(2) 4 woemememeee Where x = =%
Inthe aboveu = 1.4 wuy = 1.4and h = 0.2 x =22 =

f'(0) =3[ 0416 +0.752]+0(0.336) +>—-[-0.208 + 0.048]

(0.2)f'(1.4) = 0.584 — 0.013334 = 0.5706 = f'(1.4) = 2.853

f “(0) = 0.336 + 0(-0.208+0.048) ~— ( 0.256) = 0.336 - 0.0213 = 0.3147

(0.2)2f “(1.4) = 0.3147 = f"'(1.4) = 7.8675

4Find f'(3)and f'"(3) from the following table

X 0 1 2 3 4 5 6
f(x) 6.9897 7.4036 7.7815 8.1291 8.4510 8.7506 9.0309
Solution: Taking the origin at x = 3 and to construct Forward difference Table
_u—u,  3-3 0
X = o X = 1 -
u x f(x) Af (x) Nf(x) | A3f(x) A*f(x) | Bf(x)
-3 0 6.9897
0.4139
-2 1 7.4036 -0.0360
0.3779 0.0057
-1 2 7.7815 -0.0303 -0.0011
0.3476 0.0046 -0.0001
0 3 8.1291 -0.0257 -0.0012
0.3219 0.0034 0.0008
1 4 8.4510 -00223 -0.0004
0.2996 0.0030
2 5 8.7506 -0.0193
0.2803
3 6 9.0309
By sterling formula
f (x) =f(0) + x % [Af(O) +Af(—1) ]+ ’;—ZAZf(-l)
+ EELASF (1) + B3 (=D)] + T AT (=2) + e

/() =S [Af(0) + Af(=1) ] + A% (-1)
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+—3’“122_1 [A3f(—1) + A3F(—2)] + ‘“‘32_;29‘A4f(_2) o

6x%2-1
12

And f “(x) = A*(-1) + S [A%f(=1) + A*F(=2)] + A*f(=2) + -wmmmemees where x = ==

Intheaboveu =3 wuy=3andh =1

f'(0) =7[0.3476+0.3219 ] + 0(—0.0257) +°—-[0.0046 + 0.0034] + 0 + = (—0.0001 + 0.0008)

1f'(3) = 0.33475 - 0.0006 + 0.000016=0.33475-0.000584= 0.3341 = f'(3) = 0.3341
1
f"(0) = =0.0257 + 0(~ =) = 75 [~0.0012) = —0.0257 +0.0001 = ~0.0256
(D2f “(3) = —0.0256 = f “(3) = —0.0256

5 Find % at x = 7.5 from the following table

X 7.47 7.48 7.49 7.50 7.51 7.52 7.53
f(x) 0.193 0.195 0.198 0.201 0.203 0.206 0.208
Solution: Taking the origin at x = 7.50 and to construct Forward difference Table
_u—uy  75-75
TR T T 001 T
u x f(x) Af (x) Af(x) | A3f(x) | A*f(x) | A°f(x)
-3 7.47 0.193
0.002
-2 7.48 0.195 0.001
0.003 -0.001
-1 7.49 0.198 0 0
0.003 -0.001 -0.003
0 7.50 0.201 -0.001 0.003
0.002 0.002 -0.007
1 7.51 0.203 0.001 -0.004
0.003 -0.002
2 7.52 0.206 -0.001
0.002
3 7.53 0.208
By sterling formula
£(x) = f(0) +x 2 [Af(0) + Af (1) ] + - A2f(-1)
$ T M () + B (D)) + T A (=2) e

3! 2 4!
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f(0) =3 [AF(0) + Af(=1) ] + 2 A% (-1)

+ TN f(—1) + A3 F(-2)] + ZEE A (—2) oo

And f “(x) = A*f(-1) + Z[Af(=1) + A*f(=2)] + 6"12—2‘1A4 1 G — where x = 4240

Inthe above h = 1 Lx =

f'(0) =3[0.003+0.002]+0(—0.001)

+22[~0.001 + 0.002] + 0(0.003) +—(—0.003 — 0.007)

(0.001)f'(7.5)) = 0.0025-0.00083-0.000016 =0.00225= f'(7.5) = 0.225

3.Divided difference formulae (Newton Divided difference):

Let f is a numerical function with the arguments x = x, , x; , x5, ... Xp—1, Xy WhoSe

common differences are not necessarily equal and the corresponding entries are

f(x0), f (1), f(x2)seee e f(Xn-1), f(xn),
then f(x) = (xo) + (x — x0) f( X0, X1)
+(x — x0) (x — x1)f (X0, X1, X2)
+(x — x0) (x — x1) (X — x2)f (X0 , X1, X2, X3)

+(x — x0) (x — x) (x — x2)(x — x3)f (X0, X1, X2,X3,X4) +-----~

Problems:
1. Given that
X = 0 1 4 5
f(x) = 8 11 68 123 then find f'(3)and f"'(3)
Solution: to construct Divided difference table.
X f(x) Af(x) A%f(x) A3f(x)
= 11-8 19 -3 9—-4
=0 i 1—0 ° -0 * 50 °
X, = 1 11 62:11=19 5?%19:
123 — 68 _ s
X, = 4 68 5—4
X3 =5 123
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By Newton divided difference formula
fG) = f(xo) +(x- xo) f (x0,%1)

+ (x = x0)(x - x1) f (X0, %1,%2)

F(x - x0)(x - x)(x — x2)f (%9, %1 ,%2,%X3) + eevernn
Letx =X
f(x) =8 +(x-0)(3) + (x-0)(x-1)(4) + (x-0)(x-1)(x-4)(1)+0

=8+3X -4x+4x?+x(x?—-5x+4)=x3—x2+3x+8
S f()=x%—-x%>+3x+8
f'(x) =3x*—=2x+3 and f"(x) = 6x — 2
Now £'(3) = 3(3)2—2(3) +3 =24 and f"(3) = 6(3) — 2 = 16
2.Given that
x = 0 2 3 4 7 9

y=f(x)= 4 26 58 112 466 922
then find 2 and 2y atx=5
dx dx?

Solution: To construct Divided difference table.

X f(x) Af(x) A () A3(x) A*(X)
Xo= 0 4 226_—04 ~ 11 3§ : (1)1 _7 141_—07 _ 0
S = = =N
X, = 3 58 1142_—358 _ o4 1178_—354 — 16 23 : ;6 _
x5 = 4 112 463 : ilZ 118 222 : i18 _

Xy =7 466 —923 — ‘;66 =228
Xs = 9 922

By Newton divided difference formula
fx) = f(xo) +(x- x0) f (x0,%1)
+ (x - x0)(x - x1) f (x0,%x1,%3)
+(x - x0)(x - x1)(x — x2)f ( x0,%1,%5,%3)

+(x —x0)(x —x1)(x —x2)(x — x3)f (X0, X1, X2,X3,%4) T+ eevreernr e
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Let X =X

fx) =4 + (x—-—0AD) +(x—0x —2)(7) + (x—0(x —2)(x-3)1) +0

=4+ 11x — 14x + 7x%? + x(x*=5x+6) = x3+2x>+3x+4
ff(x) =x3+2x%+3x+ 4
f'(x)=3x2+4x+3 and f"'(x) = 6x + 4

Now
F'(5) =3(5)2+4(5)+3=98and f'(5) = 6(5) + 4 = 34
3. Given that
X = 1 3 6 10 11
f(x) = 3 31 223 1011 1343
using Newton divided difference formula find the values of f'(8)and f"'(8)
Solution:
X f(x) Af(x) AZf(x) A3f(x) A*(X)
Xo = 1 3 31-3 _ 64— 14 19-10 _ 0
3—1_14 6—1_10 10-1
%, = 3 31 223 -31 _ 197 — 64 27-19
6—3 10-3 11-3
1011 — 223 332 —197
=6 223 _ = _ =
*2 10—6 197 11-6
o |1B83-t011
xs = 10 1--10
Xs = 11 1343

By Newton divided difference formula
fG) = fxo) +(x- x0) f (x0,%1)
+ (x - x)(x - xq) f (xg,%1,%5)
+(x - x9)(x = x)(x — x22)f ( xg,%1,%5,%3)

+(x —x0)(x —x)(x —x2)(x —x3)f (X0, X1, X2,X3,X4) T evere s

fx) =3 +(x—-—1A4) + (x — D(x — 3)10)+(x — D(x — 3)(x —6)(1) + 0

=3+14x—14+10(x®> —4x +3) + x> —10x2 +27x — 18 =x3+x + 1
Now f'(x) =3x2+1 f"(x) =6x = f'(8) =193 and f"'(8) = 48
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Numerical Analysis 6(A) UNIT-1V
Numerical Integration (5M+10M OR 10M=15M)

Numerical Quadrature:

From the given numerical values of the given function y = f(x) to find the definite integration
f; f(x)dx is called Quadrature.

State and prove General quadrature formula:

Let y = f(x) numerical function with the arguments a = a,a + h,a + 2h, .......,a + nh = b then
b

f ()dx = h LS i o L Lo to (n+ 1)t
fOJdx = hlnyo + 5 &yo + | =7 |5 -+~ +n = up to (n+ 1)terms]
a

yr=f(a+hr) forr=0,123,— — —

Proof: By Newton Forward Interpolation formula:
Lety = f(x)is anumerical function with the arguments

x = aa + ha+ 2h,a + 3h,.. a + hr + — —then
fla+hu) = f(a) +2af(@) + “C2A2f(a) + 28D p3f ()
(u-1) (u-1)(u-2)
==yo+ Ay + SO Ay Ay — - - = = = = -

leta+hu=x=>hu=x—a=dx = hdu

a+nh n

b
af f)dx = af f(x)dx = Of f(a + hu)hdu

— n u u(u-1) 5 u(u-1)(u-2) 3

= Ry o+ by + Ty T Ay — m o ) du
_ n Wv-u Wd-3ut+2u 4

- hfo (y0+uAy0+ TA yO+TA y0+ ________ ) du
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u? u? u\A%y  (ut Ayo
= h[uy, + Ayo 377 )3 + 7 U + u? 3 ——+ — — —upto (n+ 1l)terms] fromoton

n? n3  n?\A%y, (n* A3y,
ff(x)dx— h[ny, + Ayo T 7)ot Z—n3+n2 TR A (n + Dterms]

=f(a+hr) forr=0,1,23—- — —
State and prove Trapezoidal rule:
Let y = f(x) numerical function with the arguments

Xg=a,xy =a+h,x, =a+ 2h,.......,x, = a +nh = b and the corresponding entries are

Y0, Y1, Y2555 Yn then

b
h

ff(x)dx =5 [0oty) +2(yityat Y1) ]
a

Proof : By General quadrature formula:

Xo+nh ) 3 ) 4
j f(x)dx = h[ ny, +n7 Ayo + (%—%)Az}!lo + (%— n®+n ) 3}'10 + — — —upto (n+ 1terms]
=f(a+hr) forr=0,1,23,—- — —
Putn=1.

[ feodx = [2 Fdx =hLye + 5 Ayel = k[ yo +3 01— y0)| =2 [yo + 1]

Similarly

[ f@dx =5 s +y2), [0 fGdx =5 [y2 + 5] oo [ F@dx =2 [yny +
Ynl
Adding these n- intervals we get
x x x Xn
fx01 fx)dx + fx: fx)dx + fx23 fdx+ .......... +fxn_1 f(x)dx
h h h h
=z Wotyl+s I +yd+3 va+ys] oo + [Yn-1 + ¥n]
= % [0 +yn) +20n +y2 4 oo o V1))
Hence f;f(x)dx = % [+ V) +2(y1+ Vo + e V1)

State and prove Simpson’s one-third rule:
Let y = f(x) numerical function with the arguments

Xg=a,xy =a+h,x, =a+ 2h,.......,x, = a +nh = b and the corresponding entries are

Y0, Y1:Y255090:Yn then

2
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h
3

b
J—f(x)dx =s[Goty) +4(y1tys+ i Vno) T 272+ Ya t e V2]

Proof : By General quadrature formula:

Xo+nh
B n? n® n®\A%, (n* 0 \Ay
f f(x)dx—h[ny0+7Ay0+<?—7> T +<Z—n +n T+ — — —upto (n+ 1terms]
¥r=f(a+hr) forr=0,123,— — —
Putn = 2.

[ fGodx = [ FGode =hl 2y, + 5 ayo + (5 - 2) 2

=h[2}’0 +2 (1 — ¥o) +§(3’2 =2y +3’0] =§ Yo + 4y1 + 2]

Similarly

f;: fx)dx :g [y2 +4ys + y4l,

[0 fOdx =73 [ya +4ys+Y6] -ooooo. [ F@dx =7 [Ynoz + 4Vn-1+n]

Adding these n- intervals we get

X2 X Xe Xn
fxo f(x)dx + fx: f(x)dx + fx4 fxdx+ .......... + fxn_z f(x)dx
h h h
=3 o +4yi +yal + 5 [y2 +4ys + vl + — — = =45 [z + 4yn-1+wn]
f;onf(x)dx = % [Go+ ) +4(y1+ys+ Vo) + 2002+ Vs + . Yn2)]
’ h
ff(x)dx =5 [Goty) +4(yi+ys+ e yn-) F 202+ Yot v Yn2)]

State and prove Simpson’s three-eighth rule:
Let y = f(x) numerical function with the arguments

Xo=a,x;=a+hx, =a+2h,.....,x, = a+nh = b and the corresponding entries are

y():yl;yz;:;;;;;yn then

: 3h

ff(x)dx =5 [0+ ) +2(y3+ Y6+ oo Vn3) + 3(V1 + Y2 + Va v oo v V1) ]
Proof: By General quadrature formula:

Xo+nh

n? n3  n?\A? n* A3
f f(x)dx = h[ ny, + el Ay, + <—— —) Yo (—— nd + nz>ﬂ + — — —upto (n+ 1)terms]
Xo

3 2) 2! 4 3!

3
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yr=f(a+hr) forr=0,123,— — —

Putn=3.
Xo+3h _ 32 33 32\ A%y, 34 3 2\ A%y,
[ fedx = R 3ye + 5 Ayo + (5 5) 50+ (5 - 37 +32) 0
9 9 3
= h[3yo +2 1 =yo) + 7 (V2= 2y1 +yo) +5 (¥3 = 3y, + 3y +yo)]
Similarly

3h
f;; f(x)dx = g[YO + 3y;1 + 3y, + ys]

3h
[of fGdx =T [y5 + 3ys + 3ys5 + Vel

n h
f;cn_3 f(x)dx = 3?[.’)’11—3 + 3)’n—2 + 33/71—1 + Yn]
Adding these n- intervals we get
x X Xn
fx03 fx)dx + fx: f)dx+.......... + fxn_3 f(x)dx

3h 3h
=5 [yo+3y1+3y2 +ysl + [ ys + 3y, +3ys +yel + — — —

3h
+ ?[yn—S + 3yn—2 + 33’n—1 + yn]

Xn

3h
f fx)dx = 5 [Go+y) +2(y3+tyet i ¥n3) +3(y1+ Y2+ Vs oo oo e Y1)l
Xo

List of rules:

1. General quadrature formula:

Let y = f(x) numerical function with the arguments a = a,a + h,a + 2h, ... ....,a + nh = b then
b

f (x)dx = h L (o L Y LA L to (n+ 1t
fdx =hlnyo +5 &yo + {3 =5 )5 H 7= +7 |73 up to (n+ Dterms]
a

yr=f(a+hr) forr=0,123,— — —

2. Trapezoidal rule:

b
h
[ FGodn =3 100+ 3 + 200+ 2+ e a)]
3.Simpson’s 1/3 Rule

b
h
Jf(x)dx =3 [Goty) +4(y1+tys+ i Yno) F 2002+ Yo+ . Yn2)]

4
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4.Simpsons’s 3/8 Rule

Xn

3h
f fx)dx = 5 [Go+y) +2(y3+ Yt i ¥n3) +3(y1+ Y2+ Vs oo e e Y1)l
Xo

5.Weddle’s Rule

Xn

3h
J fx)dx = 10 [(Vo+ V) + 501 + Vs + V7o) + 2( V6 + Viz + Vig coevereet)
X0

+(2t Vst ygt o+ 6(¥3 +yo +0L)]

I.Problems on Trapezoidal rule:

1.Evaluate fol x® dx with five sub intervals by Trapezoidal rule.

Solution: In the given problema = 0, a + nh = 1= 0+5h =1 :>h=§=0.2

Let f(x) = x3
Formulay, = f(a + hr) = (a + hr)3® = (0 4+ 0.2r)3=(0.2r)3 forr =0,1,2,3,4.
x 0 1 2 3 4 5
Yy 0 0.008 0.064 0.216 0.512 1

By Trapezoidal rule
h h
LM FOdx =2 [ o +y5) + 2y +y2 + v + ) ]

Jy %3 dx = % [ (0 + 1)+ 2(0.008 + 0.064 + 0.216 + 0.512) | = 0.2[1 + 2(0.8)] = 0.26

2.Evaluate f_+33 x* dx with h = 1 by Trapezoidal rule.
Solution: In the given problema = —3,a + nh = 3= -34+n(1)=3 =2n =6
Let f(x) = x*

Formulay, = f(a + hr) = (a + hr)* = (=3 +1)* forr =10,1,2,3,4,5,6

x 0 1 2 3 4 5 6
Y, 81 16 1 0 1 16 81

By Trapezoidal rule
h h
LI FGdx =2 [ (o +Ye) + 2(y1 + Y2 + Y3+ Ya +¥s) |

folx‘*dx:% [(81+81)+2(16+1+0+1+16)] =%[162+2(34)] =115

5
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3.Evaluate folﬁ dx with h = 0.5 by Trapezoidal rule.

Solution: In the given problema = 0,a + nh = 1= 04+n(05) =1 =>n=2

1
Let f(X) = Tor
Formulay, = f(a+ hr) = f (0 + (%)r) =f G) = H% = 22? forr=20,12,
2
X 0 1 2
Vr 1 2/3 1/2

By Trapezoidal rule

SO o dx =

% [ o +y2) +2(y1) ]

1 2 1 _1[3, 4] _ 1 A7y 17 _
fy o dx=2[(1+3)+2(2/3) 1 =5+ =3 &) =2 = 07084

4. Evaluate f01:1x dx by Trapezoidal rule.

Solution:

In the given problema = 0,a + nh = 1takingn =8 we geth = % = 0.125

Let f(x) = ﬁ For all xe [0, 1]

1 1 8
Formula y, = f(a+hr) = f(0+ Q) = (5) = ST =g forT=012345678
x 0 1 2 3 4 5 6 7 8
" 1 | 08889 | 0.8000 | 0.7273 | 0.6667 | 0.6154 | 0.5714 | 0.5333 | 0.5

By Trapezoidal rule
h h
LI =2 [ (o +Y8) +2(y1+ Y2 + Y3+ Ya+Ys + Vs +37) |

Jy = dx = % [ (1.5) + 2(0.8889 + 0.8000 + 0.7273 + 0.6667 + 0.6154 + 0.5714 + 0.5333) ]

+x
== [ 1.5+ 2(4803)] = = (11.106) = 0.69413

1
1+x2

5. Evaluate f06 dx by Trapezoidal rule.

Solution:

In the given problema = 0,a + nh = 6takingn=6 wegeth=1

Let f(x) =

1
14x2

For all xe [0, 6]

6
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Formulay, = f(a+hr) = f(0+ (D)r) = f(r) = ﬁ forr =20,1,2,3,4,5,6.
x 0 1 2 3 4 5 6
Vr 1 0.5 0.2 0.1 0.0588 0.0385 0.027
By Trapezoidal rule
L5 fodx =2 [ (o +Y6) + 2(¥1 + Y2 + Y3 +Ys +¥5) ]
N 1+1x2 dx % [ (1.027) +2( 0.5 + 0.2 + 0.1 + 0.0588 + 0.0385) |
=§ [ 1.027 + 1.7946] = % (2.8216) = 1.4108
6. Evaluate f > dx with n = 4 by Trapezoidal rule.
Solution:
In the given problema = 0,a + nh = 1takingn =4 we geth =%
Let f(x) = 1+1x2 For all xe [0, 6]
Formulay, = f(a+ hr) = f (0 + (i)r) f(r) = e /4) = 12T2 forr=20,1,234.
x 0 1 2 3 4
YV 1 0.9412 0.8 0.64 0.5

By Trapezoidal rule

fa+nh

f)dx =

h
2

Jy o dx =2 [(15) +2(0.9412 + 0.8+ 0.64) ]

:§ [ 1.5+ 2.3812] = % (6.2624) = 0.7828

7. Evaluate ff'z

Solution:

In the given problem a

log x dx by Trapezoidal rule.

[0+ ya) +2(y1 +y2+y3) |

4, a + nh =5.2takingn =26 wegeth=%=0.2

Let f(x) = log x

For all x € [4,5.2]
Formulay, = f(a+ hr) = f(4+ (0.2)r) = f(r) = log (4 + 0.2r) forr =0,1,2,3,4,5,6.

X

0

1

2

3

4

5

6

Yr

1.38628

1.43508

1.48160

1.52605

1.56861

1.60943

1.64865

7

BSR MATHS GDC RVPM EAST GDV




By Trapezoidal rule

[ Feodx =

[ log xdx = — [(3.03494) + 2(1.43508 + 1.52605 + 1.56861 + 1.60943) |

h
S [0+ ¥e) +2(y1 +y2+y3 +ya+ys) |

:11—0 [ 18.27648] = 1.827648
8. Evaluate f: sin x dx by Trapezoidal rule dividing the range into six equal parts.
Solution:
In the given problem a = 0,a + nh = ntakingn = 6 we get h = % = 30°
Let f(x) =sinx  Forall xe [0, 7]

Formulay, = f(a + hr) = f(0 + (30%)7) = f(r) = sin 30°r forr =0,1,2,3,4,5,6.

x 0 1 2 3 4 5
Vr 0 0.5 0.866 1 0.866 0.5
By Trapezoidal rule
+nh h
L FOdx =2 [ o +y6) +2(y1 +y2 +y3 +ya +5) ]

Jy sinxdx =2 [(0+0)+2(0.5+0.866 + 1+ 0.866 + 0.5) ]

12
= % [ 3.732] = 1.95486 = 1.9549
9. Evaluate f:/z sin x dx by Trapezoidal rule.
Solution:
In the given problema = 0,a + nh = g takingn = 10 we get h = % =18°
Let f(x) =sinx  Forall xe [0, 7]

Formulay, = f(a + hr) = f(0 + (18%)7r) = f(r) = sin 18% forr =0,1,2,3,4,5,6,7,8,9,10.

x |0 1 2 3 4 5 6 7 8 9 10
y, | 0| 0.15643 | 0.30902 | 0.45399 | 0.58779 | 0.70711 | 0.80902 | 0.89101 | 0.95106 | 0.98769 | 1
By Trapezoidal rule
a+nh h
L fdx =S [ +¥6) +2(y1 + Y2+ ys + Y+ ys +———=) ]
[ sinx dx =2 [(0+1) +2(585312) ] = == (12.70624) = 0.99834

I1.Simpson’s 1/3 Rule - Problems:

1.Evaluate f_+33 x* dx with seven equidisttance ordinates by Trapezoidal rule.

Solution: In the given problema = —3,a + nh = 3= -34+6h=3 =2 h=1

8
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Let f(x) = x*
Formulay, = f(a+ hr) = (a + hr)* = (-3 +1)* forr =10,1,2,3,4,5,6

X 0 1 2 3 4 5 6
Vr 81 16 1 0 1 16 81
Simpson’s 1/3 Rule

b
h
J-f(x)dx =3 [Goty) +4(y1tys+ i Yno) F 2002+ Ya+ e Yn2)]

By Simpson’s 1/3 Rule
h h
LI FGdx =3 [ 0 + Ye) + 4(y1 + Y3 + ¥s) + 202 + )]
f_+33x4dx = § [(81+81)+4(16+0+16)+2(1+1)] = 1/3 (162 + 128 + 4) = 98

2. Evaluate leoﬁ dx by Simpson’s 1/3 rule

Solution:
In the given problema = 2, a + nh =10 taking2 +8h =10 wegeth =1

Let f(x) = ﬁ Forall x € [2,10]

11
1+(2+71)  3+7

Asy,=fla+hr)=fR+1.r)=fQ2+r)=

forr=20,1,2,3,45,6,7,8,9,10

X 0 1 2 3 4 5 6 7 8
yr | 0.33333 | 0.25000 | 0.20000 | 0.16667 | 0.14286 | 0.125 | 0.11111 | 0.10000 | 0.09091

Simpson’s 1/3 Rule

b
h
ff(x)dx =3 [Goty) +4(y1tys+ i Yno) 2002+ Ya+ v Yn2)]
a
10 1
fZ mdx

= § [ (0.42424 + 4(0.25 + 0.16667 + 0.125 + 0.10) + 2(0.2 + 0.14286 + 0.14286 + 0.11111)]

= é [ (0.42424 + 4(064167) + 2(0.45397)] =

W

[3.89886] = 1.29962

3. Evaluate ffrlxz dx by Simpson’s 1/3 rule

Solution: In the given problema = 0,a + nh = 6takingn =6 wegeth =1

1

Let f(x) = oz ror all xe [0, 6]
Formulay, = f(a+hr) = f(0+ (D) = f(r) = = forr =0123456.
x 0 1 2 3 4 5 6
v, 1 0.5 0.2 0.1 | 0.058824 | 0.03846 | 0.02702
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Simpson’s 1/3 Rule

b
h
ff(x)dx =3 [Go+ ) +4(y1+ys+ oY) F 2002+ Ya + v Yn2)]

LI fGdx =3 [ 0o + ) + 4(y1 + Y3 + ¥5) + 202 + 74)]

N 1+1x2 dx = 3 [ (1.02702) + 4( 0.5 + 0.1+ 0.03846) + 2(0.2 + 0.58824)]

W

1
Hw 4. Evaluate [

1

> dx with n = 6 by Simpson’s rule.

[ 1.02702 + 4(0.63846) + 2(0.78824)] = § [4.0986] = 1.36620

1+x

Table:

X 0 1 2 3 4 5 6

f(x) 1.0000 0.9729 0.9000 0.8000 06923 0.5901 0.5000
Ans: 785366
5. Evaluate ff'z log x dx by Trapezoidal rule.
Solution:
In the given problema = 4, a + nh = 5.2 takingn = 6 we get h = % =0.2

Let f(x) =logx Forallxe [4,5.2]

Formulay, = f(a+ hr) = f(4+ (0.2)r) = f(r) = log (4 + 0.2r) forr =0,1,2,3,4,5,6.

X 0 1 2 3 4 5 6

Vr 1.38628 1.43508 1.48160 1.52605 1.56861 1.60943 1.64865

6. Evaluate f: sin x dx by Simpson’s 1/3 rule dividing the range into six equal parts.

Solution:

In the given problem a = 0,a + nh = wtakingn = 6 we get h = % = 30°

Formulay, = f(a + hr) = £(0 + (30°)7) = f(r) = sin 30% forr = 0,1,2,3,4,5,6.

Let f(x) = sinx

For all xe [0, 7]

x 0 1 2 3 4 5
Vr 0 0.5 0.866 1 0.866 0.5
By Simpson’s 1/3 rule
b
ff(x)dx = g [Go+y) +4(y1+ Y3+ Vn-) + 2072+ Ya + e Yn2)]
a

10
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[ feodx =5

[ o +¥e) +4(y1 + 3 +¥5) + 2(y2 + ya)]
Jy sinx dx = "2 [ (0) + 4(0.5 + 1+ 0.5) + 2(0.866 + 0.866)]
=2 [8+3.464] = = [11.464] = 2.00165
7. Evaluate [T* sin x dx by Simpson’s 1/3 rule.
Solution:
In the given problema = 0,a + nh = g takingn = 10 we get h = % =18°
Let f(x) =sinx  Forall xe [0, 7]

Formulay, = f(a + hr) = f(0 + (18%)7r) = f(r) = sin 18%r forr =0,1,2,3,4,5,6,7,8,9,10.

X

0

1

2

3

4

5

6

7

8

9

10

Yr

0

0.15643

0.30902

0.45399

0.58779

0.70711

0.80902

0.89101

0.95106

0.98769

By Simpson’s 1/3 rule

a+nh

[ reax=

w| =

[Go+yn) +4(y1+ys+ e Vno1) 2002+ Ya + v Yn—2)]

2 . h
f:/ sinxdx =2 [ (yo +¥10) +4(¥1 +y3 +¥5 +y7 + y9) + 2(y2 + ya + ys + ¥s)]
/2

f sin x dx =
0

T
23—0 [ (1) + 4(0.15643 + 0.45399 + 0.70711 + 0.89101 + 0.98769)

+2(0.30902 + 0.58779 + 0.80902 + 0.95106) ]

22

=20 [1+4 12.78492 + 5.31378]

= [1+4(3.19623) + 2(2.65689)]

= 0.052380(19.09872) = 1.00040

8. Evaluate [°—

0 (1+x)2 dx by Simpson’s 1/3 rule

Solution: In the given problema = 0,a + nh = 6takingn =6 wegeth=1

Let f(x) = (1;

7 for all xe [0, 6]

Formula y, =

fl@+hr)=f0O0+r)=f(r) = forr =10,1,2,3,4,5,6.

_1
(1+1)?

X 0 1 2 3 4 5 6

0.25 0.11111 0.0625 0.0400 0.02778 | 0.02041

r 1
Simpson’s 1/3 Rule

b
h
ff(x)dx =3 [Goty) +4(y1tys+ i Yno) 2002+ Vs + e Yn2)]
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LI fdx =2 [ (0o + e) + 4(y1 + Y3 + ¥s) + 202 + ¥4)]

fo‘jﬁ dx =3 [ (1.02041) + 4(0.25 + 0.0625 + 0.02778) + 2(0.11111 + 0.040)]
X

= § [1.02041 + 4(0.34028) + 2(0.15111)]
= 2[1.02041 + 1.36112 + 0.30222] = ; [2.68375] = 0.89458

9. Evaluate f: e* dx by Simpson’s 1/3 rule

Solution: In the given problema = 0,a + nh =4 takingn =4 wegeth=1
Let f(x) =e* forall xe [0, 4]

Formulay, = f(a+hr) = f(0+ (D)r)=f(r) =e* forr=10,1234.

x 0 1 2 3 4

v, 1 2.72 7.39 20.09 54.60

By Simpson’s 1/3 Rule
b

h
Jf(x)dx =3 [Goty) +4(y1tys+ i Yno) F 2002+ Yo+ . Yn2)]

LI fGdx =3 [ (o + Ye) + 4(y1 + Y3 + ¥5) + 202 + 74)]

Jy € dx =3 [55.60 + 4(22.81) +2(7.39)] = 53.87

10. Evaluate f:/z cos x dx by Trapezoidal rule dividing the range into six equal parts.

Solution: In the given problem a = 0,a + nh =~ takingn = 6 we get h = = = 15°

Let f(x) =cosx Forall x e [0, g]

Formulay, = f(a + hr) = £(0 + (15%)r) = f(157) = cos 15°r forr = 0,1,2,3,4,5,6.

X 0 1 2 3 4 5 6
V, 1 0.9659 | 0.8660 | 0.7071 | 0.5000 | 0.2588 0
By Sianpson’s 1/3 Rule
ff(x)dx = g [Go+ty) +4(y1+yz+ V1) F 202+ Vs + o . Vn2)]
a
[ FGodx =5 [ (o + Y6) + 4(1 + 3 + ¥s) + 202 + 3a)]

f(j’/z Cos xdx = 2= [ (1+0) +4(0.9659 + 0.7071 + 0.2588) + 2(0.8660 + 0.5000)]

= [ 1+ 4(1.9318) + 2(1.3660)] = —_[11.4592] = 1.0004
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I11.Simpsons’ 3/8 Rule Problems

Formula:

Xn

3h
[ £O0dx =T 100+ 30+ 205+ Yo+ V) 4300+ 72+ Wi V)]
Xo

Problems.

1

1.Evaluate fol o

value of .

dx by using Simpson’s 3/8 th rule and hence find the approximate

1

Solution: In the given problema = 0,a + nh = 1takingn =6 we get h = A

1

Let f(x) = — For all xe [0, 1]
Formula y, =f(a+hr):f(0+(l)r)=f(r)= ! =3¢ forr=20,1,2345,6
T 6 1+(T/6)2 36+T‘2 ) AyeyId, 1,J,U.
x 0 1 2 3 4 5 6
YV 1 0.9729 0.9000 0.8000 0.6923 0.5901 0.5000
By Simpson’s 3/8™ rule
a+nh 3K
f fedx = [+ yn) +2(y3 + Y6 + oo ¥n-3) + 3(y1 + Y2 + Yo oo Yt
a

11 3h
Jo Tz 4% =5 [0 +¥6) +2(¥3) + 3(y1 +¥2 +4)]

Jy =z dx = =[(1+ 05000) + 2(0.8000) + 3(0.9729 + 0.9000 + 0.6923)]

1+x2

tan"1 =—[1.5000 + 1.6000 + 3(3.1553)] = — (12.5659) = 0.785368

2-0.785368 = m = 3.141472

4

2. Evaluate [ —— dx by Simpson’s 3/8" rule with h=1/6
Solution: In the given problema = 0,a + nh =1, 0+ n(%) =1wegetn==6
1
Let f(x) = T for all xe [0, 1]

1
Formula y, = f(a+hr) = £ (0+ G)r) = £ (5) = = 5= S forr=0123456.

6 6471
X 0 1 2 3 4 5 6
Yy 1 0.85714 0.75000 0.66667 0.60000 0.54545 0.50000
a+nh 3
f fQodx = 5 [Got ) +2(y3+Ye+ e Vn=3) +3(V1 + Y2 + Va oo e e Yn1)]
a
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11 3h
Jo Tz dx =5 [0 +¥6) + 2(r3) + 3(y1 + y2 + ya)]
== [(1.5000) + 2(0.66667) + 3(0.85714 + 0.75000 + 0.60000)]

=2 [15+ 133334 + 3(2.75259)] = —-[11.09111] = 0.69319

3. Evaluate ffrlxz dx by Simpson’s 3/8™" rule

Solution: In the given problema = 0,a + nh =6 takingn =6 wegeth=1

1

Let f(x) = For all xe [0, 6]

1+x2
Formulay, = f(a+hr) = f(0+ (D) = f(r) = = forr =0123456.
x 0 1 2 3 4 5 6
v, 1 0.5 0.2 0.1 | 0.058824 | 0.03846 | 0.02702

By Simpson’s 3/8" rule

a+nh

3h
f fx)dx = 3 [Go+y)+2(r3tyet e ¥n3) +3(¥y1+ Y2+ Vs oo oo e Y1)l
a

6 1 3h
Jo Tz dx =5 [0 +¥6) + 2(r3) + 3(y1 + y2 + ya)]
=2[(1.02702) + 2(0.1) + 3(0.5 + 0.2 + 0.058824)]

= g [1.02702 + 0.2 + 3(0.797284)] = %[3.618872] =1.357077

4. Evaluate f:"z log x dx by Simpson’s 3/8 th rule.

Solution: In the given problema = 4, a + nh = 5.2 takingn = 6 we get h = % =0.2

Let f(x) = log x
Formulay, = f(a+ hr) = f(4 + (0.2)r) = f(r) = log (4 + 0.2r) forr =0,1,2,3,4,5,6.

For all x € [4,5.2]

x 0 1 2 3 4 5 6
YV 1.38628 1.43508 1.48160 1.52605 1.56861 1.60943 1.64865
By Simpson’s 3/8" rule
a+nh
f f(x)dx = % [Go+ ) +2(y3+Ye+ e Vn=3) +3(y1 + Y2 + Va e e V1))
a

5.2 3(0.2
J,” logxdx =(T)[()’0 +¥6) +2(r3) + 3(y1 + ¥2 + V)]
= 22[(1.38628 + 1.64865) + 2(1.52605) + 3(1.43508 + 1.48160 + 1.56861)]

=0.075[3.03493 + 3.05220 + 18.2841] = 1.8278
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5.Evaluate ff% dx by Simpson’s 3/8" rule and hence find the approximate value of log 7

Solution: In the given problema = 1,a + nh =7, 1+ 6h=7 wegeth =1

Let f(x) =1x for all xe [1,7]
r 1
Formulay, = f(a+hr) = f(0+G)r) = f (5) = et — forr=0,123456.
x 0 1 2 3 4 5 6
y, 1 0.85714 | 0.75000 | 0.66667 | 0.60000 | 0.54545 | 0.50000
By Simpson’s 3/8" rule
a+nh 3
f fedx = [0+ yn) +2(ys + 6 + oo ¥n-3) + 3(y1 Y2 + Yo oo Yna)]
a
11 __3h
0 l_ﬂdx = g[(}’o +¥6) +2(y3) +3(y1 +y2 + 4]
= % [(1.5000) + 2(0.66667) + 3(0.85714 + 0.75000 + 0.60000)]
= - [1.5 +1.33334 + 3(2.75259)] = --[11.09111] = 0.69319
IV. Weddle’s Rule - Problems:
a+nh 3
j fo)dx = 10 [Go+y) + 2+ yat+tygt)+6(3+yo+ ) +501 +ys+ Y7 )
+ 2( Yo + Y12+ Yig e verveer)
1. Evaluate f;rlxz dx by Weddle’s rule.
Solution: In the given problema = 0,a + nh =6 takingn =6 we geth=1
1
Let f(x) = oz or all xe [0, 6]
Formulay, = f(a+hr) = f(0+ (D) = f(r) = = forr =0,123456.
x 0 1 2 3 4 5 6
v, 1 0.5 0.2 0.1 0.058824 | 0.03846 | 0.02702
By Weddle’s rule
a+nh 3K
f fx)dx =10 [Go+y)+ 2+t ys+-) +6(yz3+yo+-.) +5(y1+ Y5+ Y7 )
+2( Yo + Y12+ Yig eorver oenn)
L fGdx =35 [ (3o +Y6) + (72 + ) + 6(y3) + 51 +ys) +2(0) +....
N 1+1x2 dx = %) [ (1.02702) + (0.2 + 0.058824)) + 6(0.1) + 5(0.5 + 0.03846)]
= 13—0 [1.02702 4 0.258824 + 0.6 + 2.6923] = 13—0(4.57814) =1.37344
15
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1
1+x

2. Evaluate fol > dx by using Weddle’s rule and hence find the approximate value of .

Solution: In the given problema = 0,a + nh = 1takingn =6 we get h = %

1

Let f(x) = For all xe [0,1]

1+x2
Formula y, :f(a+hr):f(0+(l)r):f(r)= ! =3¢ forr=20,1,2,34,5,6
T 6 1+(T/6)2 36+T‘2 )y dy Lydy s
x 0 1 2 3 4 5 6
Vr 1 0.9729 0.9000 0.8000 0.6923 0.5901 0.5000
By Weddle’s rule
a+nh 3h
f fdx =75 TG0+ y) + 02+ ya+ys+ ) +6(ys +yo + ) + 50 +ys5 +y7 )

+ 2(y6 +y12 +y18 T ....)

[ f(aoydx = 2 LG+ ye) + 02 +¥a) +6(y3) + 51+ ys) +2(0) +....

fy o dx = 3(1(/)6) [ (1.5000) + (0.9 + 0.6923) + 6(0.8) + 5(00.9729 + 0.5901) + 2( 0)]

=— [(1.5000) + (1.5923) + 4.8 + 7.815] = —(15.7073) = 0.785365
3. Evaluate ff'z log x dx by Weddle’s rule.

Solution: In the given problema = 4, a + nh = 5.2 takingn = 6 we get h = % =0.2

Let f(x) =logx Forallx€ [4,5.2]
Formulay, = f(a+ hr) = f(4 + (0.2)r) = f(r) = log (4 + 0.2r) forr =0,1,2,3,4,5,6.

X 0 1 2 3 4 5 6

Vr 1.38628 | 1.43508 1.48160 | 152605 | 1.56861 | 1.60943 | 1.64865
By Weddle’s rule

a+nh

3h
f fdx =751+t y) + 02t yatys+ )+ 603 +yot+ ) 501 +ys +y7.n)
a
+ 2(y6 + V12 + Vi )

LA F(dx = 2 Lo+ Y6) + (2 + ya) + 6(y3) + 51 + ¥5) +2(0) +....

=309 1138628 + 1.64865) + (1.48160 + 1.56861)) + 6(1.52605) +
5(1.43508 + 1.60943) ]

=22[3.03493 + 3.05021 + 9.1563 + 15.22255] = - (30.4636) = 1.8278

*khkkkhkkkkkikk

16
BSR MATHS GDC RVPM EAST GDV




GOVERNMENT DEGREE COLLEGE, RAVULAPALEM

NAAC Accredited with 'B' Grade(2.61 CGPA)
( Affiliated to Adikavi Nannaya University )
Beside NH-16, Main Road, Ravulapalem-533238, Dr.B.R.Ambedkar Dist., A.P, INDIA
E-Mail : jkcjyec.ravulapalem@gmail.com, Phone : 08855-257061
1SO 50001:2011, 1SO 14001:2015, 1SO 9001:2015 Certified College

Special Functions VII A

2.Power series and power series solutions of Ordinary differential Equations

B. Srinivasa Rao Lecturer in Mathematics GDC Ravulapalem.
Infinite series:
A series is the sum of the terms in the sequence < u,>. that is
if <up>=<ugU2Us, ...,Un....>theit’s infinite sum
Ui +Uzx+ Us+ ...+Un+. ...

is called an Infinite series and is denoted by }.o>; u, or Y u,

1 1 1 1 1 . ..
Example: Let<=>=<=, =,..... =, —,...... > is a sequence of positive terms then
n 1° 2 n n+1
1 1 1. . g s .
-+ =+..... - +— ... = Y= is an infinite series.
n n+1 n

Cauchy’s n'" root test. Let Y, u,, is a series of positive terms such that  lim %/u, =1

n—oo

then i) If | <1 convergent. ii) If | > 1 divergent iii) If | =1 test fails.

D’ Alembert’s Ratio Test on convergence of a series. Let ), u,, is a series of

positive terms such that lim -2 =|

n—-oo Up

1)If I <1 Series Convergent. ii) If I > 1 Series Divergent. iii) If | = 1 test fails.
Power series: An infinite series are in the form
Y oA XM =ag+ a;x + ax? +azx3 + apxt +asx®+ ...
called power series
Radius of Convergent series:
A positive number r is said to be the radius of convergence of a power series if the power

series convergent for every | x | < r and divergent for every | X | > r
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Theorem:
If the power series Yoo a, x™ = ay + a;x + ayx? + azx® + axx* +asx®+ .............
is such that a,, # 0 for all n and

lim 2ot =1
n—-oo dnp T

then Yoo a, x™ convergent for | x | < r and divergent for every | x| > r
Proof: Letu, = a,x" for all n
Upsr = e x™1 foralln
Now

n+1
Adn+1 X

anx

A n+1
an

Un+1
Up

= lim

n—-oo

| x| = lrﬂ --(1) (~ Given lim 21t :l)
n—oo

an r

= lim

n—-oo

lim

n—-oo

By D’Alembert’s Ratio test
a. 'Tﬂ < 1= |x| <r Convergent b. ":—' > 1= |x| > r divergent

Theorem:
If the power series Yoo a, x™ = ay + a;x + ayx? + azx® + axx* +asx®>+ .............
is such that a,, # 0 for all n and

iym -1

lim a,

n—»,oo

then Yoo a, x™ convergent for | x | < r and divergent for every | x| > r

Proof: Letu, = a,x" forall n

lim (w7 = lim a7 = lim | a7 = 2

n—oo n—oo n—-»oo
By Cauchy’s nth root test

M <1 = |x| <r Convergent b. %> 1= |x| > 7 divergent

r

a.—
T
Note: Also, you find the radius r of the convergence of the power series.

(n+1)x™
nn+2)

Problem — 1: Find the radius of the convergent series }:

Solution: First to compare the given series with .7, a, x™

(n+1) _ (n+2)
n(n+2) n+17 1) (n+3)

n=

2 n3(1+2)2
Now i ant1 _ 1 (n+2) n(n+2) — i nn+2) - lim T w
0 nll{}o an n‘l‘é‘o (n+1)(n+3) (n+1)  no0 (n+1)?(n+3) n—co n3(1+%)2(1+%)
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. . an
~ Radius = lim =1
n->0 Ayyq

ann
!

2.Find the radius of the convergent series ), -

Solution: First to compare the given series with }.7°_, a, x™

Zn 2n+1
=77  Mn+1T o
. . nti1 ! . 2
Now lim 2 = |im X 2= lim — = o
n—-oco an n—oo (TL+1)! 2n n—-oo n+1
. . 1
~ Radius = lim =2 == =0
n—o dpt1 ©
. . . nyn
3. Find the radius of the convergent series ) —

Solution: First to compare the given series with Y7, a, x™

_n" _ (m+1)t?!
an_m Any1— (n+1) !
: . +1)n+1 . +1)" . 1\"
Now lim 242 = Jim & s 2o fjm &4D° = iy (1+_) = e
n—-oo Qan n-ooo (n+1)! n" nooo nm n—oo n

, . 1
~ Radius = lim = ==
n—o an+1 e

4. Find the radius of the convergent series Z(_l)nxzn

' 9 (n1n222n

Solution: First to compare the given series with Yo, a, x™

. (_1)11. _ (_1)n+1
n = Gnezen Ind1T (G zazne:
NOW 11m | %I — . 1 (Tl !)22277. _ _
n-oo  dn n—oo ((n+1) 1)222n+2 1 n—oo 4(n+1)?
. . a
~ Radius = lim — = o
n-oo An+1

Power series solutions of Ordinary differential Equations

Problems: 1.Solve by power series method y' —y =0
Solution: Let y = Y5 ga, x™ = ag + ayx + ax? + azx3 + a,x* +asx® + .............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............

Put the values in the given differential equation y' —y =0

= [ay + 2a,x + 3a3x? + 4a,x3 + Sasx* + ... ]
-[ag + a1x + azx? + azx3 + aux* +asx®+ ... =0
= [ (a; — ag) + 2ay—ay)x + (3az — az)x? + (4daz,—az)x3 + (5as —a)x*+ ......... =0
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Comparing the corresponding coefficients on both sides

a,—ag=0---(1)= a, =aq,

a a
2a2_a1:0 "'(2):>2a2:a1:a0$a2:70:2_?
3a3_a2 :O “'(3)$3a3:a2:%:>a3:%:%
4a,—az3 =0 —-(4)>4a,=az = % = a, = % = %Etc put the values in

y=ay+a;x +ax?+azx3+ agx*+asx®+ ...

— @ 2 ; % .3 % .4 4 % .5
y—a0+a0x+2!x +3!x + TR +5!x F o

y=ag[1+x+ a2 +oxd+ —xt+oxS+ ]
2.Solve by power series method y"' — 4y =0
Solution: Let y = ¥% sa, x" =ag + a;x + a,x? + azx3 + ayx* +asx®+ .............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............
And y"'=2a, + 6azx + 12a,x% + 20asx3 + .............

Put the values in the given differential equation y"" — 4y =0

= [2a, + 6azx + 12a,x% + 20asx3 + ............ ]
-4lag + a;x + a,x® + azx3 + ayxt +asx®+ ... =0
= [ (2a, — 4ay) + (6az—4a)x + (12a, — 4ay)x? + (20ag—4az)x® + ......... =0

Comparing the corresponding coefficients on both sides

2a2 — 4a0 =0 ““(1) = a, = 2a0
6a;—4a; =0 -—-(2)= 6a; = 4a; = a; = @ a, = §a1

12a, — 4a, = 0 —--(3) = 12a, = 4a, = a, =§ a, = 2

|
Q
<)

20a5 —4a; =0 --(4)=> 20as = 4a; = as =z a = —a,
Put the values in
y=ag+ a;x +ax?+azx®+ ax*+asx®+ ...

4 2 4
y=ag+ a;x + 2a5x? +§a1x3 +3 ao x* +Ea1x5 Foe,

y:a0[1+2x2+§x4+ ............. 1+ al[x+§x3+ix5+ .......... ]
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3.Find the power series solution of the equation (x> — 1)y"”" + xy' —y =0
Solution: Let y =¥% sa, x" =ag + a;x + a,x? + azx3 + ayx* +asx®>+ .............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............
And y"'=2a, + 6asx + 12a,x* + 20asx3 + .............
Put the values in the given differential equation
(*=1Dy"+xy'—y=0
(x?2 — 1) (2ay + 6azx + 12a,x% + 20asx® + .o .nl)
+x(a, + 2a,x + 3a3x? + 4a,x% + Sasx* + .........l)
—(ap + a1x + azx? + azx® + apx* +asx® + o) =0
Comparing the corresponding coefficients
Consistent —2a, —a, =0 = a, = —%
x- coefficient —6a; +a;, —a; =0= a; =0

x?2- coefficient 2a, — 12a, + 2a, —a, =0

> —12a,+3a, =0 —12a, = —3a, = -3(-2) = 25 g, = -2
x3- coefficient 6a; — 20as + 3a; —a; = 0 = But a3 = 0 hence as =0
Put the values in

y=ag+ a;x+ax?+azx3+ axt+agx®+ ...

Y = o+ agx + (= 22) 22 + (2% + (= 22) x* + (x5 + oo

xz x4
y = ao[l — ? + E + ............]+a1x

4.Find the power series solution of the equation (x% + 1)y"” + xy' —xy =0
Solution: Let y = Y% sa, x"=ag + a;x + a,x? + azx3 + ayx* +asx®>+ ............
is the power series solution of the given differential equation
Now y'= a; + 2a,x + 3asx? + 4a,x3 + Sasx*+ .............
And y"'=2a, + 6asx + 12a,x* + 20asx3 + .............
Put the values in the given differential equation
x2+ 1)y " +xy —xy=0
(x? + 1)(2a, + 6azx + 12a,x% + 20asx® + ..oco.ee.nl)

+x(a, + 2a,x + 3a3x? + 4a,x% + Sasx* + ..........)
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—x(ag + a;x + azx? + azx® + a,x* +asx® + ...........) =0
Comparing the corresponding coefficients
Consistent 2a, =0 = a, = 0
x- coefficient 6a; + a;, —ap =0= a3 = %(ao —ay)
x?2- coefficient 2a, + 12a, + 2a, —a; = 0
= 12a,+4(0)a, —a; =0= 12a, = a; = a4=%
x3- coefficient 20as + 6a; + 3a;—a, = 0= But a, = 0
zmg+%%=o$zmkz—mh=—9Emm—%ﬂ=0
= as = —%(ao —ay)
Put the values in
y=ag+ a;x+ax?+azx3+ ax*+asx®+ ...

y=ay+ax+ (0)x?+ [%(ao —al)]x3 + (%)x4+ [_43_0(“0 —al)]xS Foe

x3 3

x5 X X
y—a0[1+?—ﬁ+ ............ ]+a1[x—?+—+ ............ ]

HW

5.Find the power series solution of the equation y”’ + xy’ + x2y = 0

4 6
Ans Yy = @g[1— 5+ 5o+ e [Hax—=-Z+......... ]

Al the best
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